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ABSTRACT

The infrared absorption of water vapor has been calculated
over a wide r ige of path length, pressure, and temperature from
1000 to 10,C ,u cm'1. The results are presented in extensive tables
which give the transmission over intervals of 2.5 cm"1 at wave numbers
below 3400 cm-1 . The average transmission over intervals of 20, 50,
and 100 cm"1 is given over the complete frequency range. The cal-
culated data representing the intensity, position, and number of
spectral lines in a given frequency interval is tabulated in a form
which is useful for transmission calculations. All lines from all
isotopic species having an intensity greater than 10-8 of the strongest
line in an absorption region were included in the calculation. The
quasi-random model for the representation of band spectra is discussed
in detail. Among its features are the possibility of representing
the absorption by a series of lines which are arranged neither at
random nor in a regular way.
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SECTION 1

INTRODUCTION

The amount of infrared radiation which is transmitted
through the earth's atmosphere is determined largely by the be-
havior of two molecules: water vapor and carbon dioxide. In this
report a method by which the spectral transmission of water vapor
has been calculated over a wide range of infrared frequencies is
described. The results which were calculated on high speed digital
computers are presented in the form of extensive tables. A companionIreport (SSD-TDR-62-127 - Volume III) presents similar data for carbon
dioxide.

The most extensive transmission tables which have been
previously calculated are those of Ballard, Larmore, and Passman.1

Their tables cover a wavelength range from 0.3 to 7.011 at intervals
of 0. i. The results are for one temperature (3000 K) and one
pressure (1 atmosphere). They assumed that the transmission is given
by the Elsasser model. In particular, they used the error function
approximation for the Elsasser model which is of limited accuracy
at the higher pressures and shorter path lengths. Furthermore, the
Elsasser model itself is a poor representation of the water vapor
spectrum because the individual lines are not arranged with the
regularity required by this model.

Tables of water vapor transmissions averaged over 20 cm"1 ,
50 cm"1 , and 100 cm"1 are presented respectively in three groups.
Entries for the 20 cm"1 averages are presented every 10 cm"1 from
1000 cm"1 to 10,000 cm-1. The 50 cm- 1 and 100 cm" 1 average entries

S. S. Ballard, L. Larmore, S. Passman, Fundamentals of Infrared for
Military Application, The Rand Corporation, R-297, March 31, 1956 (C).
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are presented every 25 cm- 1 and 50 cm- 1 respectively in the same
frequency range. These tables contain results for three different
temperatures (3000 K, 2500 K, and 2000 K) with entries for each
temperature at seven pressures and fifteen amounts of H20. The
range of temperatures, pressures and path lengths cover the range
of values which occur in the earth's atmosphere.

Tables of the transmission at intervals of 2.5 cm" 1 from
1000 cm-1 to 3400 cm-1 are also presented. These calculations were
carried out using the quasi-random model which is capable of repre-
senting the spectral transmission of molecular gases quite accurately.
A detailed description of this model is given in Section 3.

In Section 2 the molecular structure of H20 is described
together with the rotational and vibrational motions. The intensi-
ties and frequencies of the spectral lines are described.

1-2



SECTION 2

MOLECULAR STRUCTURE OF WATER VAPOR

2.1 VIBRATIONAL ANALYSIS

The water molecule is a non-linear molecule with three
non-degenerate eigen-vibrations, two of which are symmetric and the
other antisymmetric.1 The vibrational potential constants have
been measured to second order. The vibrational energy to this order

* is given by

3 3

G0 (vlv 2 ,v 3 ) L" wi (v4) + L x (vi' 4 )(vj+ ) (1)
i=l i-l j >i

where the constants w, xi are listed in Table 1. Go is the
vibrational energy in cm"I lnd vi are the vibrational quantum
numbers. The data for the miin isotopic species HHO16 (abundance
0.998) were obtained by Darling and Dennison.

2

1
G. Herzberg, Infrared and Raman Spectra (D. Von Nostrand Company,
Inc., New York, 1945).

2B. T. Darling and D. M. Dennison, Phys. Rev. 57, 128 (1940).
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TABLE 1

VIBRATIONAL CONSTANTS

Isotope HHO1 6  HHO18  HHO1 7  HDO16

1w 1 (cm ) 3825.32 3816.82 3820.52 2824.32

C2 1653.91 1647.21 1650.41 1440.21

w 3  3935.59 3919.69 3927.19 3889.84

l - 43.8 - 43.6 - 43.7 - 43.4

-12 20.0 - 19.9 - 19.9 - 8.6

x13 -155.0 -154.0 -154.5 - 13.1

-22 19.5 - 19.3 - 19.4 - 11.8

-23 19.8 - 19.6 - 19.7 - 20.1 i

x33 - 46.8 - 45.9 - 46.1 - 82.9

For the species HHO18 (abundance .002) and HHO1 7 (abundance .0004)
the constants were calculated directly from the relations

1

C 22 1 nH 1 + s0). 8.520 x105 (2)
3 _ _2 __-2_ 2+2 (O)31

2 + 22 1 ( 14.690xlo5_6.140xlOSsina + 21.)232xlO5coo2 a

(3)

2-2



S

W 2W 2 -( 2m(H) +m(O) 33.824 x105Co 2 a (4)167r c [m(H) ] m(O)

and

(i(isotope) W (isotope)

y y WiWji

where m(H) and m(0) are the masses (in grams) of the hydrogen and
oxygen atoms respectively and 2 a = 1050 is the angle between the
H atoms at the position of the 0 atom. The numerical constants in
Eqs. (2 - 4) and the value of a are obtained from the measured
values of Wi for HH016. The constants for the species HDO (abundance
3 x 10-4) were obtained by Benedict, Gailar and Plyler.3 The other
isotopic species of water are not sufficiently abundant to be
considered here.

For many molecules accidental degeneracies occur when two
or more vibrational states have the same symmetry type and nearly
the same energy (see Chapter II.5c of reference 1 or SSD-TDR-62-127
- Volume III ). This situation does not occur in H20 for any of the
fundamental vibrational states but does occur for the states (002)
and (200) and for all subsequent pairs of states (vl - 2, v2 , v3 + 2)
and (vl, v2 , v3). For the C02 molecule, which is considered in
SSD-TDR-62-127 - Volume III, this resonance occurs between the funda-
mental state (100) and the state (020). Furthermore for CO2 the
perturbation associated with the resonance is produced by the third
order terms in the potential while for H20 the first contribution
comes from the fourth order terms. Thus the effect is less significant
for H20 than for CO2. Darling and Dennison2 have shown that the off-
diagonal elements in the vibrational energy matrix for H20 are given by

W V 1-v2,v2,v3+2 v-l)(v3+l)(v3+2) (6)

where -y - 74.4 cm"1. For the species HDO, 2W 1 0 2W 3' but

3W. S. Benedict, N. Gailar and E. K. Plyler, J. Chem. Phys. 24,

1139 (1956).
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2 1' thus the resonance occurs between the states (v1 + 1,

v2 - 2, v3), (vl, v2 , v3). Benedict, Gailer and Plyler3 have shown
that for HDO

VlV 2 v 3  = (7)
vl+l,v 2-2,v 3  2 (vl)v 2 (v2-l)

-1
where y = 26.1 cm

The elements of the vibrational energy matrix can be
evaluated from Eqs. (1) and (6) or (7). The energies of the vibra-
tional level are the eigenvalues of this matrix. A calculation of
the vibrational energies has been programmed for the IBM 709 computer.
The vibrational energies have been obtained in this manner for all
four isotopic species up to the level (013). Levels of higher energy
than this were not considered because for the temperatures of interest
( = 300 0K) only the levels (000) and (010) are significantly populated.
Furthermore, the vibrational transitions between (010) and all levels
higher than (013) correspond to frequencies greater than 10,000 cm"1

which is beyond the frequency range considered in the current study.

2.2 ROTATIONAL ANALYSIS

In regard to rotation the water molecule is an asymmetric
top molecule since its three principal moments of inertia are different.

1

For such a molecule the rotational energies cannot be expressed as
simple functions of the rotational quantum numbers.1 ,4 Unlike the
symmetric rotator there are no rotational degeneracies in the energy
levels of the asymmetric rotator. In addition there is no "good"
quantum number comparable to the component of angular momentum about
the molecular axis of the symmetric top molecule. Thus the spectrum
of rotational energy levels which is associated with each vibrational
level cannot be described by an analytic expression.

For a given asymmetric molecule an equivalent symmetric top
molecule is defined as one for which the two smaller moments of inertia
are equal. This moment is taken to be the arithmetic average of the
two smaller moments of the asymmetric molecule. In order to describe
the rotational energy spectrum of an asymmetric molecule it has been
customary to use the equivalent symmetric top molecule, with its good

2-4 0



S

quantum numbers and analytic energy expressions, as an approximation.
1 ,4

It is clear that this is permissible only if the asymmetry is slight.
For H20, which is quite asymmetric, the equivalent symmetric top approxi-
mation cannot in general be used to obtain the correct rotational
structure. However, in the present study, the exact details of the
rotational spectrum are not needed. The detailed arrangement of the
spectral lines within a finite frequency interval is not needed, if the
number and intensity of the lines in the interval is known. Thus the
symmetric top approximation has an application here for the calculation
of positions and intensities of the weaker spectral lines. However,
it is clear that there will be a lower limit on the size of the fre-
quency interval which may be used. This point is discussed in more
detail in section 2.3.

In the present calculation of water vapor transmission the
actual asymmetric lines were used for the strongest lines in the lower
portion of the frequency range considered. The equivalent symmetric
top approximation was used only for the weak lines in this portion of
the spectrum and for the frequency range above 3400 cm"1 where theo-
retical calculations of the actual water vapor spectrum are not
available. This aspect of the calculations is discussed in detail

*in section 2.3.

It can be shown that for a symmetric top molecule the rota-
tional energy is given by1

F v(J,K) -Bv2 J(J+l) + (B V- V2)K2  (8)

where Fv, Bvl,Bv2 are all measured in cm"1 , J is the total angular

momentum quantum number which takes on the values K, K + 1, ..., and
K is the component of angular momentum about the symmetry axis. If the
symmetric top is used as an approximation for an asymmetric molecule,
then the rotational constant By2 is

- 1

B(B + B (9)

4P. C. Cross, R. M. Hainer and G. W. King, J. Chem. Phys. 11, 27 (1943);
Ibid. 12, 210 (1944).
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0

where bvyJ are the rotational constants of the asymmetric molecule
given by

3
B v =B - L Xnm(Vm + ) (10)

n n rni m
h e

where Ben -8 2ce , n 1,2,3 and In are the principal moments of

inertia corresponding to the equilibrium position of the vibrating
molecule. The constant nm describes the effect of variation of the
moments of inertia caused by the vibration. The integer n refers to
the 3 principal axes of rotation and m refers to the 3 modes of
vibration.

The numerical values of the rotitional constants have been
determined by Benedict, Gailar and Plyler and from the isotopic
formulas

(isotope) 3 2/3
BBen r (11)
e e im1

and

(isotope) (X (P )3 (12)
nm im( n

W (isotope)

where pn " n This data is given in Table 2.
n

2-6



TABLE 2

ROTATIONAL CONSTANTS

Species H1O16 H1O 18 H1O17 HDO16

Constant
(cm'l)

B 27.379 27.1910 27.2790 22.6906vI

22.0550 11.9722 12.0109 7.8398
v2

a11  0.750 0.745 0.747 0.253

a 2 1  -2.941 -2.905 -2.922 -1.798

a 3 1  1.253 1.238 1.245 1.087

- + 0.2199 0.2185 0.2191 0.1544a12

a22 -0.0104 -0.0103 -0.0104 -0.3800

a32 0.1113 0.1099 0.1106 0.0503

S- n (n + a n), which corresponds to using Eq. (9) directly.mn2 n2

2.3 INFRARED SPECTRUM

The infrared spectrum of water vapor consists of spectral
lines corresponding to transitions between various vibration-rotation
energy levels. The frequency of a given line c, is proportional to the
difference in the vibrational plus rotational energy of the final

2-7



and initial states. The intensity of a line can be characterized by
the integrated absorption per unit pressure given by

5

r 3 [ E 2
S 87 _ W -exp exp(- M 1 (13)

3h .Qp kT JT I

where N is the number of molecules per unit volume, Q is the partition

function, p is the pressure, M is the dipole matrix element corre-
sponding to the transition, and EvR is the vibrational plus rotational
energy of the initial state.

The selection rules which govern allowed transitions for a
triatomic asymmetric molecule, such as H20, are given by Herzberg.

1

For the molecular species HH1O there are just two types of rotational
transitions allowed. These correspond to the so-called parallel
( AK - 0) and perpendicular (AK - t 1) transitions of a syumetric
top molecule. Bands made up of transitions of one of these types
approach as limits the parallel or perpendicular bands of the equiva-
lent symmetric top molecule. They also have the same general structure.
For an asymmetric molecule such as HDO, a given vibrational band will
contain rotational transitions of both types. The corresponding band
of the equivalent symmetric top molecule will be a hybrid band con-

taining both AK - 0 and AK - t 1 transitions. (The vibrational bands
of HH1O molecules are not hybrid bands.) The familiar rotational selec-
tion rule AJ - 0, t 1, applies to all transitions.

In addition to the transition frequency a, the matrix
element M cannot be expressed explicitly in terms of "good" quantum
numbers for an asymnetric top molecule. Thus the expression for the
integrated absorption, Eq. (13) is quite untractable. On the other
hand, Eq. (13) becomes relatively simple for the symmetric top molecule.
In fact for the temperatures of interest here the interaction of vibra-
tion and rotation may be neglected ik the matrix element M. Further-
more at infrared frequencies, exp[ - .!w] <<]«. Taking these simplifi-

kT
cations into account, Eq. (13) for a symmetric top molecule reduces to

~v'K' 3'

v'K'J' v' vKJ ex3[ hcFv(J, K)(
$ vKJ v W ve exp- kT S(J,K) (14)

v

where Wv,K',J' is the frequency of the line, a) v' is the vibrational
v ,K,J v

5 S. S. Penner and A. Thomson, Tech. Rep. No. 25, Contract No. Nonr-220(03)
NR 015401, Guggenheim Jet Propulsion Center, Calif. Inst. Tech.
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frequency, i.e. the difference between the vibrational energies of

the final and initial states, Fv(J,K) is the rotational energy of
the initial state given by Eq. (8), S(J,K) are the squares of the
pure rotational matrix elements given by

1

(T + 2 ± K)(J + 1 - K) M + 1
2(J + 1)

S(J,K) = (J + 1 '1 K)(J ; K)(2J + 1) AJ - 0 (15)

(AK = ) 2J(J + 1)

(J - 1 + K)(J j- K) AJ- 1
2J

and

S( + I + K)(J +1 - K) AJ - + I
3+1 l ~

S(J,K) (2J + 1) K2

(A-O 33+)AJ-0 (16)(A K - 0) J(J + 1)

(J + K)(J - K) AJ = -1
J

and the amplitude C is given by
v

S T 3 Wv exp -- hcG(v)I Rv (17)
Cv 3hc v Qp x kT v

where G(v) is the vibrational energy of the initial state and R is
the purely vibrational matrix element. 

v

2-9I,
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Thus it follows that the amplitude 0' for a particular
vibrational transition at a particular temperature is related to that
of any other vibrational transition at another temperature by

C' (T I RV N(T )Q( 0  exp Fhcv*) - kT~v (18)v*T CV,.(T) N(T )Q(T)
T*V*I 0 I 0

It can be assumed that N(T) ov (p/T) and the partition function is
given by

1

3 h" o - hcB B "
-- ,.1 hw o - e2  e3Q(T) =  =1i k exp ..... 3k X

i~ eex pxp 4kT
nsTh3  B B hcB S

_kT/hc 
3  1 e 2  e3 h e 2  e 3  exp- hcG(O)

j B B B1 2 + TB B kT kTel e2 e3  e1  '

~(19)

0
where w i are the frequencies of the three fundamental vibrational
modes. This expression neglects the interaction of vibration and
rotation and assumes Bvn Z Ben' These assumptions are reasonable

for T - 3000 K.

If the matrix elements R. could be calculated, the intensity
of any spectral line could be deduced from Eq. (14). However, quantum
mechanical expressions for Rv'have never been derived for polyatomic
molecules such as H20; therefore a semi-empirical solution is required.
In this regard, absolute measurements are available of the integrated
transmission over large frequency intervals in the infrared.6 These
measurements demonstrate that the vibrational bands of water vapor

6J. N. Howard, D. F. Burch and D. Williams, Sci. Rep. #1, AF19(604)-516

The Ohio State University, Dec. 1954.
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occur in essentially seven separable groups in the frequency range
between 1000 and 10,000 cm"1 . Each group is characterized by one
or two relatively intense vibrational transitions of HH016 which
dominate all the isotopic and higher order bands. Thus integrated
transmission measurements cannot be made for a given vibrational
band individually, since such measurements necessarily include all
of the weaker bands in a given group which occur in the same fre-
quency interval with the most intense transitions. These groups
are identified with the most intense band in a frequency interval
and by the wavelength which describes the approximate location of
the peak absorption. Using the latter designation, the seven groups
of the water vapor spectrum are 6.3/1, 3.2A , 2.7/A, 1.87Ai, 1.38 A,
1.1A , and .94A . The complete list of member vibrational transi-
tions of these groups is given in Table 3.

The measurements can be used to determine one normaliza-
tion constant for each of the seven groups by comparison of the
calculated integrated transmission over the transitions in the group
for a particular value of pressure and amount of water vapor with
measured values of this quantity. Details of this normalization
procedure are given in section 4. After this constant is determined,
Eq. (18) may be used to calculate the intensity of each vibrational
transition in the group provided the ratio of relative intensities

, (IRv'I 2 /Rv' *12) is known for the transitions. These relative in-
tensities Kave been measured by several high resolution studies
for many of the vibrational transitions. For other bands the relative
intensities may be inferred from the two empirical rules discussed by
Herzberg:1 (1) the relative intensity of a difference band, e.g.
(010) -(100), is approximately equal to the Boltzmann factor for the
initial state times the relative intensity of the corresponding
summation band, e.g. (000)-. (110), (2) the relative intensity of
bands such as (010)- (110) is approximately equal to the Boltzmann
factor for the initial state times the relative intensity of corre-
sponding fundamental bands such as (000)-- (100). Furthermore bands
which correspond to the accidental resonance discussed previously can
be assumed to have the same intensity, e.g. (000)- (200) and
(000) - (002). The relative intensities of all the bands for the
species HH01 6 are given in Table 3 for T - 3000 K.

7W. S. Benedict, Bull. Amer. Phys. Soc. 23, 54 (1948).
8W. S. Benedict, Phys. Rev. 74, 1246 (1948).

9W. S. Benedict, H. H. Claassen, and J. H. Shaw, J. Res. Nat. Bur.
Stand. 49, 91 (1951).
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TABLE 3

VIBRATIONAL TRANSITIONS OF HHO16 AT T - 300 K

Group Transition Relative Intensity AK

6.3 000-010 1.00 + I

010 -020 9.6 x 10±4 (9 )  + 1

010 "100 1.9 x 10- 5 (9 )  + 1

010 -001 9.6 x 10- 5 (9) 0

3.211 000 -.020 1.00 + 1

010 -"030 4.8 x 10-4  + 1

2.7A 000 - 001 1.00 0

000 - 100 .10( 3) + 1

010 - 011 4.8 x 10-4  0

010 -110 4.8 x 10-5  + 1

1.8711 000 - 011 1.00 0

000"- 110 2.0 x 10"2(7) + 1

000 -.030 6.7 x 10- 3 (7 )  + 1

010 - 021 4.8 x 10-4  0

010 - 120 9.6 x 106 + 1

010 -040 3.2 x 10 6  + 1

010 - 101 4.8 x 10-4  0

010 -- 200 3.8 x 10-5  + 1

010 -002 5.8 x 10-5  + 1

2-12



TABLE 3 (Continued)

Group Transition Relative Intensity A K

1.38g 000- 101 1.00 0

000- 021 1.0 x 10 0

000- 120 1.3 x 10-2(7) + 1

000- 040 4.3 x 10 3  + 1

000-. 200 2.5 x 101( 7 ) + 1

000-1 002 2.5 x 10"1 + 1

010- 111 4.8 x 10- 4  0

010-. 031 4.8 x 105 0

010-. 130 6.2 x 10 - 6 + 1

5 010-. 050 2.1 x 10- 6 t 1

010-. 210 1.2 x 10-4  + 1

010-. 012 1.2 x 10- 4  t 1

1.1A1 000 -111 1.00 0

000 -.031 3.3 x 10 "1( 8 ) 0

000 -.130 6.0 x 10- 2( 8 ) + 1

000 -050 2.0 x 10"2  + 1

000 -210 8.0 x 102(8) + 1

000 -012 1.2 x 10"1(8) + 1

010 - 121 4.8 x 10- 4  0

010 - 041 1.6 x 10"4  0

2-13



TABLE 3 (Continued)

Group Transition Relative Intensity A K

I.I 010-+ 140 2.9 x 10- 5  + 1

010-.060 9.6 x 10 6  + I

010-- 220 3.8 x 10 - 5 ( 8 )  + I

010-. 022 5.8 x 10± 5  + I

010-1- 300 3.2 x 10- 6  + 1

010-- 003 3.2 x 10- 6  0

010- 201 6.4 x 10- 6 0

010-.o 102 9.6 x 10- 6 + I

.94A 000 - 121 1.00 0

000-.o 041 8.3 x 10-2(8) 0

000-., 140 1.1 x 102 + 1

000-. 060 3.7 x 10- 3  + I

000-.o 220 2.5 x 10-1 + I

000- 022 2.5 x 10-1 1+ I

000- 300 2.1 x 10-1 + 1

000- 003 2.1 x 10"1 0

000 - 102 4.2 x 10"1(8) + 1

000- 201 4.2 x 10-1 0

010-p 131 4.8 x 10"4  0
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TABLE 3 (Continued)

Group Transition Relative Intensity AK

.4010 --*051 4.0 x 10- 0

010 - 150 5.3 x 10-6 + 1

010 --p070 1.8 x lo-6 + 1

010 -*)230 1.2 x 10-4 + 1

010 -*032 1.2 x 10-

010 -013 1.0 x lo± 1

010- 310 1.0 x 1-40

010 - 211 2.0 x 1040

010 - 112 2.0 x 10O4 ±1
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For the other isotopic species the relative intensities are the values
in this table multiplied by the relative abundances.

The intensity of any spectral line can be obtained from the
appropriate normalization constant, the data in Table 3 and Eqs. (18)
and (14). However, these lines correspond to the equivalent symmetric
top representation of the water molecule. Thus, it is in order to
determine the limitations of this approximation for the calculation
of the water vapor transmission. In this regard, it is recalled that
the equivalent symmetric top representation introduces a double de-
generacy into the spectrum of rotational energy levels such that a
given transition represents a pair of transitions in the actual
asymmetric molecule spectrum, except for those transitions associated
with the levels K - 0 for which there is a one-to-one correspondence.

If the asymmetry is slight, a given pair of transitions will
occur close together in frequency and very near the frequency of the
corresponding symmetric molecule line. Furthermore the intensity of
the symmetric molecule line will be approximately equal to the sum of
the intensities of the pair. For molecules which have a considerable
asymmetry such as H20, the latter statement remains valid. This can
be seen from the work of Cross, Hainer and King. 4 They have calculated
and tabulated the asymmetric molecule matrix elements corresponding to
S(J,K) of Eqs. (15) and (16) for values of J up to J - 11. These
calculations are based on the expressions characteristic of an asym-
metric molecule.

On the other hand, the frequencies of the asynmetric molecule
lines and those of the equivalent symmetric molecule become farther
displaced from each other as the asymmetry increases. This is the major
difficulty of the equivalent symmetric molecule approximation. Clearly
this displacement of the spectral lines tends to define a lower limit
on the frequency interval over which the approximation may be used to
calculate transmission. A determination of this displacement for the
lines of several H20 bands has been made. It has been found to range
from one up to about 100 cm"1 toward both lower and higher frequencies.
In general the larger values occur for transitions associated with
the larger values of the quantum number J; for the strongest transi-
tions (J-- 4) the displacements are less than approximately 20 cm"1.
Thus it appears that the equivalent symmetric top approximation may
certainly be used to calculate accurate average transmission values
for H20 when the frequency interval of interest is 50 cm- 1 or greater.

Fortunately it was possible in the present study to calculate
the transmission for frequency intervals much smaller than 50 cm-1 below
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3400 cm"I. Benedict, Claassen and Shaw 9 and Nielsen1 0 have measured
and identified the frequencies and intensities of the significant
lines of the strongest H20 bands corresponding to the vibrational
transitions: (000) -- (010) and (000) -+(020) of the 6.311 and 3.2A
groups. Their calculations were based on the asymmetric top molecule
calculations of Cross, Hainer and King.4 The lines tabulated by
Benedict, Claassen and Shaw9 and Nielsen10 have been used in the
present study. For the weaker lines corresponding to the isotopic
and higher order bands which are not included in their tabulation,
the equivalent symmetric top approximation has been used. Hence in
the 6.3 A and 3.2)U regions (frequencies below 3400 cm"1 ) the trans-
missions were calculated using frequency intervals of 5 cm-1 (see
Appendix B). This is permissible because the Benedict, et al and
Nielsen tabulations include all the strong lines, and the weaker less
significant lines are very numerous so that the displacements toward
both higher and lower frequencies tend to average out.

For all the bands occurring beyond 3400 cm- the symmetric
top approximation has been used. Thus for frequencies in this range
the average transmissions have been tabulated for 20 cm-1 , 50 cm"1,
and 100 cm"1 intervals. In Appendix A the coefficients which were
used in the quasi-random model have been tabulated for 5 cm"1 intervals
for frequencies out to 10,000 cm-1 . The transitions were originally
calculated for a 5 cm-1 interval throughout the spectrum from this
data. These results for 5 cm-1 intervals were averaged to obtain the
transmissions over 20 cm"1 , 50 cm-1 , and 100 cm-1 given in appendices
C, D, and E respectively.

Another difficulty inherent in the equivalent symmetric
top approximation is the following: For the asymmetric molecule there
are allowed transitions, but with low intensity, which correspond to
thel AKI Z 2 transitions for the symmetric top molecule. These are
forbidden by the selection rules for the symmetric top, Eqs. (15)
and (16), and not represented when the equivalent symmetric top
approximation is used. However, such transitions are many orders of
magnitude less intense than those corresponding to I AKI - 0,1.4

Hence, in general they contribute insignificantly to the absorption
and their exclusion is not expected to cause serious errors in the
calculations of transmission.

Finally, it should be noted that the rotational levels of a
molecule such as H20 are alternatively symmetric and anti-symmetric

10H. H. Nielsen, Phys. Rev. 59, 565 (1941).
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and the ratio of the statistical weights of these two types of
states is given by (2T±),ll where s is the spin of the two identical

nuclei in the molecule. Since the spin of the proton is h, the anti-
symmetric levels of H20 are weighted 3 times as much as the symmetric
levels. Neglecting other functional dependencies, transitions with
anti-symmetric initial states are 3 times as intense as those with
symmetric initial states. When the equivalent symmetric top approxi-
mation is used, the intensities given by Eq. (14) for transitions
with K or K' - 0 must be multiplied alternatively by the factors
1 and 3, since there is a one-to-one correspondence between these and
the transitions of the asymmetric molecule. When K and K' are greater
than zero, a given equivalent symmetric molecule transition corresponds
to a pair of transitions, one symmetric and the other anti-symmetric,
of the asymmetric molecule and thus is weighted by the factor 4.
For the HDO molecule, this intensity alternation does not occur and
the weighting factors are taken to be 2, 2, and 4 rather than 1, 3,
and 4.

0

L. I. Schiff, Quantum Mechanics, McGraw-Hill, New York (1949).

2-18



)

SECTION 3

THE QUASI-RANDOM MODEL OF BAND ABSORPTION

3.1 THE QUASI-RANDOM MODEL

Several different spectral models have been derived which
represent the average transmission of radiation absorbed by a group
of spectral lines which occur within a finite frequency interval.
However, the previous models often do not adequately represent the
actual transmission over a wide range of pressures and path lengths.
The first difficulty is that the assumed arrangement of the spectral
lines within the frequency interval does not correspond adequately
with the actual spectrum. Secondly, the contributions from lines
lying outside the interval are incorrectly taken into account.
Furthermore the variation in intensity of the lines is usually
represented by inaccurate approximations. Other approximations
which are only valid in certain limited cases are sometimes intro-
duced in order to simplify the calculations.

For example, the statistical model1'2'3 is based on the
assumption of a random arrangement of the spectral lines while the
Elsasser model assumes a constant spacing between the lines. For
the statistical model an expression for the transmission is readily
derived from the assumption that each line center has an equal
probability of falling at any frequency within the interval. How-

ever, in the spectrum of an actual molecule a given frequency

1H. Mayer, Methods of Opacity Calculations, Los Alamos, LA-647,

Oct. 31, 1947.
2R. M. Goody, Quart. J. Roy. Met. Soc. 78, 165 (1952).

3G. N. Plass, J. Opt. Soc Amer. 48, 690 (1958); 50, 868 (1960).
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interval is generally characterized by the occurrence of a relatively
small number of stronger lines. These strong lines occur neither at
random nor are they regularly arranged. A model is required which
localizes the stronger spectral lines so that their positions rela-
tive to each other and the interval are taken into account. The
quasi-random model localizes the lines to within a frequency interval
which is small compared to the final interval of interest.

The quasi-random model is characterized by the following
six features which are discussed in more detail later in the report.

1. The stronger spectral lines are well localized by the
use of small frequency intervals of width D. Within this small
interval D the lines are assumed to be arranged at random. The
transmission over larger frequency intervals Av> > D is calculated
by averaging the results from the smaller intervals.

2. The removal of artificial effects due to the arbitrary
division of the spectrum into frequency intervals. This is done by
the displacement in frequency of the mesh which divides the spectrum.
The transmission is first calculated for one mesh, which defines a
certain set of frequency intervals. The calculation is repeated for 0
another mesh which is shifted in frequency by kD relative to the first
set. In principle, the mesh can be shifted n times by an amount D/n.
The final calculated transmission is the average of the results for
each of these meshes.

3. The transmission is calculated from expressions which
are valid for a finite and possibly small number of spectral lines
in the interval. The expression is not used which is valid in the
limit as the number of lines becomes very large.

4. The spectral lines in each frequency interval are divided
into intensity subgroups which are fine enough to simulate the actual
intensity distribution. In the calculation the average intensity of
all the lines in each subgroup is used together with the actual number
of lines.

5. The Landenberg-Reiche4 approximation assumes that the
frequency interval is infinitely wide. This expression cannot be used

4R. Landenberg and F. Reiche, Ann. Physik 42, 181 (1913).
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in this calculation because of the small frequency intervals into
which the spectrum is divided. Instead more general expressions
have been derived which are valid for a finite frequency interval,
and these are used with the quasi-random model.

6. The contribution from the wings of the spectral lines
whose centers are outside a given interval is included. The wing
effect is treated in the same detailed manner as the contribution
from the lines within the interval.

The grouping of spectral lines within small frequency
intervals is basic to the quasi-random model. If these intervals
are chosen small enough, a transmission characteristic of each
interval can be obtained by assuming a random position for the lines
within the small interval. An integrated average transmission over
much larger frequency intervals can be obtained by averaging the
results over the small intervals.

As the size of a frequency interval is decreased, the
relative position of the lines with respect to one another within
the interval becomes less and less important. Each line may be
said to be localized within an error defined by the interval size, D.
The lines within the small interval D are considered to occupyrandom
positions within the interval. This assumption cannot be made for
larger frequency intervals S v where the random hypothesis can
introduce errors for several reasons. First, the spacing between
the lines may be fairly uniform, in which case the random hypothesis
overestimates the overlapping of the lines. Second, the strong lines
may all occur near one end of the larger frequency interval. In this
case for large path lengths the random hypothesis might predict
almost complete absorption, whereas in actuality only a small part
of the interval in the region of the strong lines is strongly ab-
sorbing and the rest of the interval is nearly transparent.

In both of these cases, if the original interval is sub-
divided into sufficiently small intervals, each of which may contain
only one or at most a few strong lines, the transmission can then
be calculated accurately by assuming the random placement of the
spectral lines within the small interval. Of course, if the lines
are arranged nearly at random in the original large interval, then
nothing is lost by a subdivision into finer intervals. Since the
model localizes the lines within the smaller frequency interval D,
while calculating the absorption for a larger interval Av , it is
called quasi-random.
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If the frequency spectrum is divided into small intervals,
D, the transmission T in each of these small intervals is calculated
from the equations of the statistical model.1 ,2,3 If there are nk
lines in the interval Dk with their line centers at the frequencies
Vi (i - 1,2,..., nk), then the transmission at the frequency v is
affected by these nk lines so that

1 1 Siub( v, v d
Tnk (V) - k f • d vi (20)

D ikl Dk

where Si is the intensity of the ith line, u is the amount of absorb-
ing gas per unit area, and b is the line shape factor. The trans-
mission is calculated at some frequency v which for convenience is
usually taken at the center of the interval Dk. Since this trans-
mission corresponds to the average of all permutations of the posi-
tions of the spectral lines within the interval, it is also assumed
to represent the most probable transmission for the entire interval.

In principle the transmission of each spectral line should
be calculated from its intensity and position and then substituted
into Eq. (20). Because of the very large number of spectral lines S
which were considered in the present calculation, it was not practical
to do this even with a presently available high speed digital computer.
Thus some method must be found to simulate the actual intensity dis-
tribution. A comparison of calculated intensity distributions with
those which have been suggested for use with the statistical model

1 ,2

shows that there is usually poor agreement between the two.

The procedure for intensity simulation adopted here is to
divide the lines in each frequency interval into subgroups by intensity
decades. When the line intensities are calculated, the results are
grouped according to these intensity decades. The average intensity
of the lines in each decade is then calculated.

Test calculations have shown that only the first five
intensity decades for each frequency interval influence the value of
the transmission. Thus only the data for the five strongest intensity
decades need be retained for each frequency interval. It should be
emphasized that the numerical range of the intensity decades retained
are quite different for a frequency interval which contains strong
lines than for one which has weak lines. The criterion is applied
separately to each frequency interval.
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Thus the transmission can be calculated from the average
value of the intensity Si together with the number of lines ni in
each intensity decade from the equation

5f1 1ub( V Vi }ni

Tnk() 7 Dk dV (21)
k il

The number of lines nk in the frequency interval is given by

5

nk  Z n (22)
i=l

Of course, the lines could be grouped by intensity using a smaller
or larger factor than the decade of intensity adopted here. However,
this choice seemed reasonable since it yields intensity subgroups
which are sufficiently small intervals so that the average value is
never much different from the actual intensity of the lines in the
decade, while on the other hand the interval is sufficiently large
so that the number of different variables used in the calculation
are still within the memory limitations of a modern digital computer.
All of the lines which occur in a particular intensity group are
considered to occur at random in the frequency interval Dk, as is
indicated by Eq. (21). Furthermore each intensity group is treated
independently of any other.

The integral in Eq. (21) represents the transmission over
the finite interval Dk of a single spectral line representative of the
average intensity of the decade. For the small intervals used in the
present calculation, it is important to separate the absorption
caused by a given spectral line into two parts: the absorption which
it produces within the interval which contains its line center and the
absorption produced by it in all other frequency intervals arising
from its wings. For the calculation of the absorption within the
frequency interval which contains the line center the Landenberg-
Reiche4 equation cannot be used. It assumes an infinite frequency
interval, whereas the intervals in the present calculation are not
necessarily large compared to the effective width of the line.
Although equations for the absorption of lines over finite intervals
have been obtained previously in certain limits, a general expression
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has not been available. This result is given in section 3.2, Eqs.
(27), (30), and (32). Because of the small number of strong lines
in the smaller frequency intervals, it is important to calculate
the transmission of each line which represents an intensity decade
and then to multiply these transmissions as indicated in Eq. (21).
Accordingly, the exponential expression for the transmission de-
rived from the statistical model when the number of lines approaches
infinity may not be used since the number of lines in an intensity
decade in these smaller frequency intervals may be small.

The transmission at a frequency v is also influenced by
the wings of spectral lines whose centers are outside of the interval
Dk which contains the frequency v . The wing transmission Tni from
each of these intervals Di is calculated by assuming a random dis-
tribution of the lines within the intervals Di. Thus by the random
hypothesis the transmission at the frequency v is the product of
all transmissions calculated for the lines with centers in other
intervals taken with the transmission for the given interval itself,
so that

T(V) -T (v) (23)

where the subscript ni indicates that there are ni lines in the
frequency interval Di. The transmission for the lines whose centers
are in the interval Di are given by Eq. (21). The lines in suffi-
ciently distant intervals from the particular frequency v have a
negligible effect on the transmission, so that in practice the
product (Eq. 23) usually needs to be evaluated only over a few terms.
Approximate expressions for the wing transmission Tni are given in
section 3.2, Eqs. (27) and (29) for the Lorentz line shape and in
section 3.3, Eq. (42), for the Benedict modification of the Lorentz
line shape.

Finally, it is necessary to remove the artificial effects
arising from the arbitrary division of the spectrum into frequency
intervals. In order to illustrate this effect consider a set of
six equally intense lines spanning a frequency range of 10 cm"1.
If the lines, for simplicity, be nearly evenly spaced, the trans-
mission calculated at the center of the two intervals containing
them might be expected to be equal. This would be the case if three
lines fell into each 5 cm"1 interval, for the model subsequently
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attributes a random distribution to each set of lines falling within
the-chosen intervals. But since the uniform mesh is started at some
arbitrary position, it is conceivable that two lines might fall into
one interval and four into the other. This situation is illustrated
in Fig. 3.1 where the mesh labeled "A" represents the former case
while "B" illustrates the latter. The six bars schematically repre-
sent the lines and the arrows the frequency divisions.

The transmissions calculated at the centers of the intervals
in case "B" differ appreciably from those in case "A", whereas
physically one would expect them to be nearly equal for lines with
such uniform spacing. The disparity, of course, may be blamed firmly
upon the positioning of line C). As far as the model is concerned,
the fact that line ( lies very close to the artificial mesh boundary
is of no consequence; in case "A" it has a random probability of being
anywhere within interval I whereas in case "B" it may lie anywhere
within II'. Thus the model does not take into account such borderline
situations. The introduction of such an error is of no practical
importance if the results of a number of frequency intervals are to
be averaged to obtain the integrated average transmission over a larger
interval. However, if the detailed average effective transmission is
required over smaller frequency intervals, then the model must be
suitably modified.

The modification of the transmission calculations necessary
to remedy these artificial errors is extremely simple. The transmission
is calculated twice using two meshes one of which has been displaced
D/2 cm- 1 with respect to the other. Thus the first calculation yields
values at Vol V o + D, v o + 2D, ... while the second produces trans-
mission values at vo + D/2, V o + 3D/2, Vo + 5D/2, ... , where vo
corresponds to the lowest frequency at which the transmissions are
calculated. Thus transmission values are calculated at the following
frequencies:

V I  V o0

V 2  po + D/2

V 3  v +D

V 4  V °0 + 3D/2

V5 v + 2D

3-7



z
LU

I

o 0

H:
LU

U--



S

The correct average transmissions at a particular frequency vn sub-
sequently are calculated from these values by the following simple
formula:

T(V nl) + T(vn) + T(V+) (24)T( Vn) = 3 (4

where the T's refer to the effective transmissions calculated by the
dual mesh scheme and labeled as shown in the table above. Such a
procedure automatically compensates for the artificial errors intro-
duced by the arbitrary mesh positioning and provides an excellent
representation of the average transmission over small frequency inter-
vals. All of the average effective transmission values given in this
report are averaged in this manner using two meshes shifted relative
to each other by kD.

3.2 THE TRANSMISSION FOR A FINITE FREQUENCY INTERVAL

In this section an expression is derived for the transmission
of a finite frequency interval for spectral lines with the Lorentz line
shape. A finite number of spectral lines are assumed to be in the
interval. Expressions have been derived previously for the transmission
according to the statistical model for a finite number of spectral
lines1 2 ,3 and in certain limits for a finite frequency interval.

3 - How-

ever, in practical calculations which use the statistical model th
assumption seems to have always been made that the equations for an
infinite number of spectral lines and an infinite frequency interval
are sufficiently accurate. Such expressions cannot be used for the
small frequency intervals which are used in the present calculation.

Therefore a general expression for the transmission for
finite frequency intervals and a finite number of spectral lines is
derived. In this section it is assumed that the Lorentz line shape

b( v v) /a/ - (25)
V )2 V 2 (25

describes the actual line contours, where a is the pressure broadened
half-width of the line whose center lies at v i" When pressure broaden-
ing is the dominant effect, the lines of H20 are well described by
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the Lorentz line shape. For C02 the wings of the lines seem to be
described better by the Benedict modification of the Lorentz line

shape. 5  This is described further in section 3.3. Consider a fre-
quency interval D which lies between the frequencies vo and vo + D.
The following symbols are used in the derivation of the transmission
over a finite frequency interval:

=SkUk 7

p - 2a /D

Y = Vk " -o D/2

(26)

z = V - D/2
0

77 - 2y/D

ef= 2z/D

Thus for the Lorentz line shape the transmission, Tnk is given by

1 P 2 k

1 Jexp -[ 8ub( Vv, "Vk d k  " exp 2+ 1 dr)nk D Dk  -1 0_)2 P2

(27)

Define ko by the expression

ak k u/p = - (28)

where a 0 is the half-width at the pressure po. At a particular

5W. S. Benedict, private communication.
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temperature, the coefficients k need be calculated only once for
each frequency interval Di and iniensity group. The coefficients

ko together with the number of spectral lines for each of the top
five intensity groups represent sufficient information about the
spectrum for the calculation of the absorption in a frequency interval.
When ko is known, then the coefficients for any pressure and path
length combination may be readily calculated from Eq. (28). Indeed,
this is one of the most important simplifications of the present model.

Because p = 20./D is usually very small, Eq. (23) can be
divided easily into two distinct parts. There is the direct contri-
bution from the lines whose centers are within the given interval in
addition to the wing contribution from the lines in all other intervals.

So long as V is not chosen too close to the edge of an
interval, which is generally taken to be large compared to the half-
width of any line, then (C-r))2 >>p2 for all the factors in Eq. (23)
which correspond to lines whose centers are in other frequency
intervals. Hence for the wing contributions p2 may be neglected
compared to (6-71)2. Thus the integral in Eq. (27) can be written as

l exp - [ A ef d e

(29)
(E+l)e " A / -E+)(E;-l)e" A  - err /f . erf E-; 1

where A = p2 e k and 6 >1. Thus Eq. (29) represents a readily evaluated
quantity.

The direct contribution, on the other hand, is more difficult
to evaluate. Let

1 1a Ip [ 2k 1y
6) f exp - - k j d= exp :Y22 dy

o L11+p2 J o Y+ J
(30)
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where 6 = p/a. Therefore returning to the direct contribution one
finds

1 ___
- 2 

_ _ d

f kx P k r

exp -K 2 ] dz + xp.i dz

L.Z+J xp 2: 2 2 dz

J(31)
"7 (1- ) ( k'6) +  (1+E;)Q (ek' 61) 1 ( 1

6 =p/(l-E;) , 6' - p1(-i-c

In section 3.4 it is shown that for the general case

- e6 2 2 2 0

000

+ 26e -/2 In( /2) sin n (32)

n-il

+ 6 e- e/2 e In( /2) + Inil(e /2) sin n*
n-1 I  I

where t = 2 tan- 1 6 , 6 = p/a and the I n'a are the Bessel functions
of imaginary argument. Although the sums in Eq. (32) are rapidly
convergent, in the two cases when e >> 1 and e < 1 useful alter-
native forms may be found, whose derivation is also found in section 3.4.
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Specifically for < 1 one has

0

nnml
-1(n+l) ! n (33)

where

An 6 2n-1 2n-1

2n(1+ 6 2)n + n-i- 1

(34)

Jo = tan- (1/6 )

The series in Eq. (34) is absolutely convergent for all but is more
useful when is small.

When is large, on the other hand, an asymptotic repre-
sentation is

6 e- 6 2/(1+ 6 21 T6 e " /2 I( /2) +1

p-1 (.0

+ 26a P-o m.h + 26 R (35)
mlo

where

I - C 2m'l e 6 2 a,(1+6 2) + 2m-1

= erf (36)

- 6 /Vl+62
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with the remainder term, Rp, given by

pp ( p i ) fy 2 1 -tl-

R/ e d, fd 37
R p-1 p) yp 2y 1t)P-k

and the Barnes' coefficient (a )n defined by

( -)n 
= a ( C+ l)...( + n- 1 ) ,(a ) o W 1 (38)

On the basis of Eqs. (29) and (31) the effective trans-
mission at a particular frequency may now be written as

T(V) - Tnk (v) Tni(V (39)
i~k Tn

where the subscript k refers to the particular interval in which
lies and Tk( V) is obtained from Eqs. (21), (27), (31), and (32)
while Ti(V ), for i 0 k, is readily calculated from Eqs. (21), (27)
and (29).

The water vapor and carbon dioxide (SSD-TDR-62-127 - VolumeIII)

transmissions were all calculated on the basis of this formalism. The
absorption from a single spectral line which represents an intensity
group in a finite frequency interval was calculated from these equations.
The other lines in a small frequency interval are assumed to be dis-
tributed at random so that the transmission of the various lines can
be multiplied together according to Sq. (21). The transmissions cal-
culated from the wing absorption of lines outside the interval are
multiplied according to Eq. (39). Finally the results are calculated
for two different frequency meshes shifted an mount kD with respect
to each other and these results are averaged to obtain the average
effective transmission for the interval.

3.3 BENEDICT MODIFICATION OF THE LORENTZ LINE SHAPE

As mentioned in section 3.2, Benedict5 has proposed a modifi-

cation of the Lorentz line shape for 002 on the basis of his experimental
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examination of the absorption from some particular lines. He has
found that the line shape in the wings drops off much faster than

I v - Vo["2 as required by the Lorentz line shape. On the basis of
these findings he has suggested the following semi-empirical line
shape

b(i, v 2T 2 v - v < d (40)
( V- V )2+a

A /7 exp-al V - viib
= 2-,vv > d
(V-Vi)2 +a

where a - 0.0675, b = 0.7, d - 5.0 cm and A is a constant which
makes the two forms continuous at I V -V I - d - 5.0 cm 1.

The effective transmission is now calculated in a manner
similar to that described in section 3.2 with one important change.
Since the frequency interval chosen for these calculations is 5 cm-,
the Lorentz line shape is still valid for lines whose centers are
within the interval. This contribution can still be calculated as
before from Eqs. (21), (27), (31), and (32). On the other hand,
the wing contributions must be treated differently. Introducing the
symbols defined in Eq. (26), the contributions from the wings will
involve terms

TW V) D fASkuC 
exp-aIV - kb

pD D = f exp 7r((VVk)2+L 2j dvk

(41)

1 f1 exp A [Aak p2 exp- (a(D/2 )b I C...bJ] dT)

where p2 has again been neglected compared with (e-T))2 (see

section 3.2). Equation (41) cannot be reduced to an analytic form
as was done for the transmission from the wings of a line with the
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Lorentz line shape, Eq. (29). Since the absorption drops off even
more rapidly with frequency in the Benedict modification than with
the Lorentz line shape, the wing contributions may be calculated
to a high degree of accuracy by assuming that the lines are all
located at an average position rather than a random one. The average
position chosen was the center of the interval, i.e. 7) - 0. In
this event Eq. (41) becomes

T (1.')A -ek P 2exp- (a(D/2)b kib]l
Wk e 2 (42)

The effective transmission for the Benedict modification of the
Lorentz line shape at a particular frequency V is now written as

T(v ) = Tk(v) 7( Ti(V) (43)

where the subscript k refers to the interval in which v lies,
Tk(V) is calculated from Eq. (31) and the Ti(v)'s are calculated
on the basis of Eq. (42).

The CO2 transmissions were all calculated on this basis.
Nevertheless, for comparison purposes, they were recalculated using
the Lorentz line shape at 300 0K and one atmosphere pressure. Appendix
D of SSD-TDR-62-127 - Volume III gives the results of this calculation.
It is interesting to note that there is a very small difference
between the two calculations even for large path lengths.

3.4 DERIVATION OF THE TRANSMISSION EQUATIONS FOR THE DIRECT
CONTRIBUTIONS

Consider now the evaluation of the integral occurring in
Eq. (30), viz.

o aexp-[ y2 + ] dy (44)
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Letting y -6 F-T/z, Eq. (44) becomes

1 e-z 2e

6 2 dz (45)

Integrating by parts once

-e 62 /(1+6 2 ) -
z 26 e26t F e" zd- (46)

6 1+ 162

Consider now

1z 
2

G- . fiv'Tz e dz

1 2 6 1 -+6 2 2

fl17-2e- dz -Jl-z2 e z  dz (47)
0 0

= G 2 - G 3

Letting z - sin 0, the first integral becomes
f " ' 2 e" sin29

G2  j cos2  e dO

e- t /2 (l+cos 6) e- i3 cos dO (48)4 'T0
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where the substitutions 6 = 20 and - have been made to obtain2

the final result involving the usual Bessel functions.

Re-expressing the result in terms of Bessel functions of
imaginary argument

= 7re " /2 L (/2) + (49)
2  4o +0I /

Letting e sin 6/Vl+6 = tan- 6, the second integral
in Eq. (47) becomes

G3 fo CCs2 9 e" P sin2 () dO (50)

where again the substitution z = sin 9 has been made. Once more let
=2 9 to obtain

1 - /~2 E.co:d (1

G = e/2 (cos 0+l) e COS6 (51)
0

2E eCos 6
Letting G4  f e 2 d6 one has

r/2 ! 4
G e- G + 2 (52)

and hence it remains only to evaluate G4 , Substituting z -i /2,
one has

G4  J2: eiZ cos 6 d6

f 2c foinC

= cos(z cos 6)d6 - i sin(z cos 6)d6 (53)
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However cos(z coo 6) and sin z cos 6) may be represented by their
absolutely convergent Jacobi° expansions, viz.

cos(z cos 6) J(z) + 2 1 (_,)n J2n(z) coo 2n
n-I

00 (54)

sin(z cos 6) - 2 E (_,)n J2n+l(z) cos(2n+l)
nmo

Hence 00
G Jo(z) + 2 (_l)n J (z) sin 2n V/

4 aZ - 2n 2nn = 1

00 (55)

- 21 Z (_1 )n J (z) sin(2n+l)Vi
n 2n+l 2n+l

nlo

p where 6i - = 2 tan1 6 . Re-expressing in terms of one has

00

G4 - Io( /2) 7P + 2 I2( /2) sin 2n
a n2n 2n

+ 2 Z I ( j/2) sin(2n+l) (

n-a 2nIl 2n+l (56)

00

SI( /2) * + 2 E I(/2) sin n

n= 1

6 C.G.J. Jacobi, Journal fur Math. 15, 12 (1836).
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Therefore

G3  - e  1o(/2) * + 1 (/2) 7

4
+ 7 nl~ n( /2) sin nw (57)

n1l

+ 2 E [ n n+l

If Eqs. (49) and (57) are substituted into Eq. (46) and (47), thepreviously quoted result, Eq. (32), is obtained.

Although Eq. (32) is absolutely convergent, when < ( 1and >> 1 two simplified forms may be obtained (Eqs. 33 and 35).The former is obtained from Eq. (44) directly by expanding the kernelof the integral and integrating term by term. This procedureimmediately produces Eq. (33) which is itself absolutely convergent.

When e >> 1, an asymptotic formmy be obtained by startingfrom Eqs. (46) and (47) and expanding ,,l - z- under the integral signvia the binomial expansion theorem. Thus

e(-,6) = e " 6 2 / (1+6 2 )  jL e" /2 [io( /2) + I,( /2)]

2 (58)-z2z+26~f'~(Tl e Z dz
0

But

2 p-i

J 'z2  e e z Em m + R (59)
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where - is given by Eq. (36) and Rp is the remainder term given by
Eq. (37T. The summation represents the first p integrals obtained by

expanding -z2 to order z The remainder term was obtained
on the basis of a formalism apparently due to Graf and Gubler.7

The second term in Eq. (58) is the familiar Landenberg
and Reiche result 4 which is valid when the exponential and integral
term in this equation can be neglected. The expression for the absorp-
tion over a finite interval %hen the strong line approximation is
valid3 is obtained fromEq. (58) by inserting an asymptotic expression
for the Bessel functions and evaluating the leading term of the inte-
gral from Eqs. (59) and (36). The absorption over a finite interval
when the'weak line approximation is valid3 is obtained from Eqs. (33)
and (34).

S

7J. H. Graf and E. Gubler, Einleitung in die Theorie der Besselshen

Funktionen, 1, 86 (Bern, 1898).
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SECTION 4

SPECIFIC DETAILS OF THE CALCULATION

Prior to calculating the transmissions based on the pre-
viously described model, a coefficient table was generated for the
two frequency meshes at each of the temperatures considered. Each
of these coefficient tables ±a:;composed of Ok and nk as a function
of frequency interval, where nk is the number of lines in the
intensity decade and ok is defined by Eq. (28). At each frequency
interval the coefficients were calculated for up to five intensity
decade groups in the following manner:

(1) The vibrational intensity factors Cq'of all contrib-
uting vibrational transitions were determined by a normalization
procedure to be described subsequently.

(2) On the basis of (1), the integrated intensities of
all contributing vibration-rotation lines were calculated system-
matically.

(3) As the intensity and frequency of each line was
generated, the line was assigned to the frequency interval spanning
it.

(4) Once assigned to an interval, a given line was then
grouped according to the intensity decade into which it fell. Within
a particular decade a running count was made of the number of lines
placed therein. Also retained was a net sum of the intensities of
all those lines placed in each decade. If a line was generated with
an intensity more than eight orders of magnitude below the strongest
line already placed in the given frequency interval, it was ignored.
On the other hand, if stronger lines were subsequently generated.
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the data for weaker lines was dropped when they occurred in intensity
groups which were more than four groups below the most intense. In
short either the top five strongest groups were retained, or only
enough groups to span eight orders of magnitude. The latter choice
resulted in less than five groups when the lines in that portion of
the spectrum were very weak.

(5) The coefficients tok were then calculated for each fre-
quency interval by dividing the intensity sums by the number of con-
tributing lines and thence dividing the resulting average strengths
by 7ra 0. For H20 the value C 0 

= 0.10 cm-1 was used.

Once the coefficients %Ok and nk were generated, the ef-
fective transmissions were calculated at frequencies corresponding
to the centers of the chosen frequency intervals of width 5 cm"1 .
( - 0 in the notation of section 3.2.) Sequentially the coefficients

k for various combinations of the pressure* and amounts of absorbing
gas were calculated (k - tOk u/p). From each of these sets the
effective transmissions were calculated as follows:

(1) All the transmissions were set equal to unity.

(2) Starting with the lowest frequency interval, the direct
contributions to the transmissions were calculated at the center of
the interval for each intensity group contained therein using the
formulation described in section 3.2 (specifically Eq. (32) and, if
applicable its limiting forms, Eqs. (33) and (35)). These were then
multiplied together and thence by the factor 1 initially set. Hence
the resulting transmission represented the direct contributions from
the five intensity groups which represent all lines having an intensity
within 10-6 of the strongest line in the frequency interval.

(3) Subsequent to the calculation of the direct contribu-
tions, the coefficients were used to calculate the wing contributions
to the transmissions at the center of the interval of interest. The
wing contributions from lines at both lower and higher frequencies

It should be mentioned that the term pressure is used here in the
sense of Howard, Burch and Williams, viz for water vapor the effective

broadening pressure is equal to the sum of the total pressure plus
5.3 times the partial water vapor pressure.
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were considered. The calculation was made from Eq. (29) for the

Lorentz line shape and, in the case of C02, from Eq. (42) for the
Benedict modification. Thus as any contribution to the transmission
at a given frequency was generated (be their origin direct or wing),
its value was multiplied into those previously calculated at that
frequency.

(4) The wing calculations were carried out at frequencies
farther and farther from the chosen interval until their contribu-
tions to the transmissions exceeded 0.999.

Insofar as the normalization procedure was concerned, the
detail yielded by the quasi-random model was not needed. This is
because the normalization was based on a comparison of the calculated
integrated absorptions with the measured integrated absorptions of
Howard, Burch, and Williams for large frequency intervals (> 400 cm-1).
The correct normalization was obtained via a two step process. A
large mesh size (20 cm"1) was chosen to generate a separate coef-
ficient table (similar to those indicated by Appendix A) for each of

the seven transition groups in H20 and the twenty-two in C02 using
the relative intensities as an initial starting point. Thence
integrated transmissions were calculated (using the simplifications
just mentioned) at various effective pressures and paths corresponding
to experimental results of Howard, Burch and Williams (T was always
chosen at 300 0 K). These were compared with the measured integrated
transmissions and the squares of the deviations of ten to twenty such
sets were summed. The coefficients Ok were then all multiplied by an
arbitrary factor and the sum of the squares of the deviations were
again calculated. Other multiplicative factors were subsequently
chosen and plotted as a function of the corresponding sums of the
squares of the deviations. The absolute minimum was then calculated
grfphically and a first approximation to the normalization constants

C (300K) deduced therefrom for each group. Using these first
approximations, the procedure was then repeated using a finer mesh
(5 cm'l). Again a least squares fit yielded the best coefficients,
which are listed in Table 4. In the event that two groups overlapped
a two-dimensional generalization of the above least squares method
was used.
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TABLE 4

WATER VAPOR NORMALIZATION CONSTANTS

Spectral Region C (3000K)

6.3 A 888

3.2 /i 16.5

2.7 )u 1950

1.87)u 203

1. 38/ 47.5

1. 1 y 1.87

.9411 1.11
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SECTION 5

USE OF APPENDICES AND INTERPOLATION PROCEDURES

5.1 USE OF APPENDICES

The five appendices following this section contain the
results of the present calculation. Appendix A contains the co-
efficients o (defined in Eq. (28)) and n the number of lines in
the intensity decade for the top five intensity groups of each
frequency interval as a function of frequency. A particular fre-
quency entry corresponds to the center of an interval extending
2.5 cm"1 in both directions from the center. Two sets of co-
efficients are included for each temperature and correspond to two
meshes displaced 2.5 cm" 1 from each other. For identification
purposes the meshes with a center wave number beginning at 1000 cm

"1

have been labeled "unshifted" while those starting at 1002.5 cm
1

have been labeled "shifted". As before the entries correspond to
the frequencies at the center of two mesh points (e.g. the entries
at 1997.5 cm"1 were calculated from the spectral lines lying between
1995.0 and 2000.0 cm"1, etc.). Note that beyond 3400 cm"1 the co-
efficient tables should be used only with extreme caution unless
the values are averaged over a wider frequency interval. Beyond
3400 cm"1 the entries were calculated exclusively on the basis of
the symnetric rotator model (see section 2.2). These entries may
be used to obtain transmissions which are subsequently averaged over
wider frequency intervals. However, the entries in themselves can-
not be too significant for intervals of 5 cm" 1 since the positions
of the lines on the symmetric rotator model may be in eIror by more
than this amount. Nevertheless entries beyond 3400 cm- have been
included for completeness since they formed the basis for the
tabulated average transmission values (Appendices C, D, and E).
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Appendix B lists, as a function of frequency and path thick-
ness (u, in precipitable centimeters) for three temperatures at seven
different pressures, the average transmissions for 5 cm"1 intervals
calculated on the basis of the quasi-random model. Note that the
entries terminate at 3400 cm"1, since accurate frequencies for the
stronger H20 spectral lines were only available up to this frequency
and furthermore that they are listed every 2.5 cm-1 .

Appendix C lists transmissions averaged over 20 cm"1 at
intervals of 10 cm"1 for all the temperatures and pressures of
Appendix B. However, the entries go out to 10000.0 cm"1 . The averag-
ing has minimized the uncertainties in the frequencies of individual
lines which is introduced by the symmetric rotator description. In
effect the entries in Appendix C represent the average transmissions
that a detector with an acceptance window of 20 cm"1 and unit response
would record if centered on the tabulated frequencies.

Appendices D and E are identical to Appendix C with the excep-
tion of the size of interval averaged over. Appendix D lists entries
averaged over 50 cm"1 while E lists entries averaged over 100 cm"1 .

In these latter appendices entries occur every 25 cm
"1 and 50 cm 1

respectively.

The experimental measurements of Burch et alI for the 2.7p±
and 6.3p bands of water vapor are compared with the theoretical cal-
culations for two particular sets of values of path length and pressure
in Figs. 5-1 and 5-2. The theoretical values plotted are averaged
over 20 cm-1.

5.2 INTERPOLATION PROCEDURES

The extensive transmission tables given in the appendices
provide a suitable basis for interpolation in terms of pressure,
temperature and path length. Interpolation in these parameters is
readily achieved via analytic methods.

The simplest analytical procedure is that consisting of logarith-
mic interpolation between non-zero values of the absorption A. Express
the absorption in the form

A - 1 - T - ef(pTu) (60)

where f is usually a complicated function of pressure (p), temperature (T),
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and path length (u). At points where one or both of the tabular values
of T are identically equal to unity, linear interpolation on T pro-
vides more than sufficient accuracy. Otherwise it is far more accurate
to interpolate f(p,T,u). This is true because the main part of the
functional dependence of the absorption on p, T, and u is usually
represented by the exponential factor. As only three significant
figures are given in the tables, a first order interpolation in
general provides sufficient accuracy. It should be noted that the
entries for varying pressure and path length are given in terms of
values that are nearly equidistant when plotted on a logarithmic scale
(e.g. 1.0, 0.5, 0.2, 0.1, 0.05, .. ).

From Eq. (60) one has

f(p,T,u) - -ln A . (61)

When the absorptance at constant p is plotted against u on a log-log
graph, the resulting curve has only a small curvature and displays
long linear sections. Similar remarks apply to an absorptance curve at
constant u plotted against p. For these reasons, the most accurate
interpolation is obtained by taking equal logarithmic intervals for

p and u so that

f = T_ Ax + _7T AT + - A y (62)

where x - ln p and y - ln u. Thus

f(p + Ap, T + AT, u + A u) - f(p,T,u) + A f (63)

and

T (p + Ap, T + AT, u + Au) - 1 - A(p + A p, T + AT, u +Au) -

1 - exp - (f + Af) (64)
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The following examples illustrate the method described above.

a) Given: p - 1 atmosphere, T - 3000K
at u - 0.1, Tr - 0.583, A - 0.417
at u - 0.2, T - 0.439, A a 0.561

Find: T at u -=0.17 for p-i1 atm., T - 300 0K

Procedure: A(0.1) - 0.417; f(O-l) = .8747
A(0.2) - 0.561; f(0.2) - .5780
ln(O.l) - -2.3026
ln(0.17)- -1.7720
ln(0.2) - -1.6094

Hence Af ______ u 0.5780 - 0.8747 (172 .06
Henc: Af - lnu) u) -1.6094 + 2.3026 (172 .06

- 0.2967- 0.5306 = -0.2271

Therefore: f - f(0.l) + Af - 0.8747 - 0.2271 -0.6476

Tr(0.17)- 1 -e- 0.46.0.477

b) Given: p - 1 atmosphere, T - 300 0K
at u - 2.0, Tr - 0.648, A - 0.352
at u = 5.0, T - 0.425, A - 0.575

p - 0.5 atmospheres, T - 3000K
at u - 2.0, T - 0.715, A - 0.285
at u - 5.0, T~ = 0.545, A - 0.455

Find: r(p ,u) at u =3.2, p = 0.75, T - 300 0K

Procedure: A(1,2.0) -0.352; f - 1.0441
A(1,5.0) -0.575; f - 0.5534
A(0.5,2.0) - 0.285; f - 1.2553
A(0.5,5.0) - 0.455; f - 0.7875
ln(2.0) - 0.6931; ln(l.0) - 0.0000
ln(3.2) - 1.1631; ln(0.75) - -0.2877
ln(5.0) - 1.6094; ln(0.5) - -0.6931
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Hence: A f - n(l u) (+ u)In p) A(In p)

0.5534 - 1.0441 (11631 - 0.6931)
1.6094 - 0.6931

+ 1.2553 - 1.0441
-0.6931 + 0.0000 (-0.2877)

- -0.2517 + 0.0877 - -0.1640

Therefore: f(0.75,3.2) - f(1,2.0) + Af - 1.0441 - 0.1640 - 0.8801

T (0.75,3.2) - 1 - e 0.8801 - 0.585

The data contained in the Appendices of this report is avail-
able on tape. Inquiries as to the availability of taped copies should
be sent to Gilbert N. Plass, Aeronutronic Division of Ford Motor
Company, Newport Beach, California.
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APPENDIX A

THE COEFFICIENTS AND n

FOR THE TOP FIVE INTENSITY DECADES

A
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APPENDIX B

WATER VAPOR TRANSMISSIONS FOR FREQUENCIES

LESS THAN 3400 cm AT 300 K, 250 K, AND 200 K

B-i
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I

APPENDIX C

-1
WATER VAPOR TRANSMISSIONS AVERAGED OVER 20 cm

WITH ENTRIES EVERY 10 cm- I FOR FREQUENCIES FROM
-i -1i

1000 cm TO 10,000 cm AT 300 K, 250 K, AND 200 K

C-I
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S

APPENDIX D

WATER VAPOR TRANSMISSIONS AVERAGED OVER 50 cm-1

WITH ENTRIES EVERY 25 cm- FOR FREQUENCIES FROM

1 1000 cm- I TO 10,000 cm- I AT 300 K, 250 K, AND 200 K

D-1



999 -m 92 229 122 121. 12. 2.,l,,......... .

Zz .. ... -- 22 ----- 22 -- --- . . 1 .. . ... .......l .... A l ~ i 1121 A21 A 2..1.. 22....

2 ~ ~ ~ ;. . . 2 222212... ... .. I22 .... ...... ...1 .11 13 31 11 111311131311

E * I ..2 ...2 ..13 t-; i jI!!- 33111 .iti if..; fill: !i3 Jill, 33113 1333 -311 ffl 113311133 13319 11333 fill; ill; E3
o ~ ~ ~ ~ ~ ~ ~ ~ . ..j . .... Im A13 3311 A~1 A19 j1I .13 1....3 131331333311 11 11 931933111 Iu ill

.4.. ... M MI. .. . . t1 2 -- -.----- --- ---

2 ... .... ....... jz.... .. j j.......... . ..

U. . . .. . . . . . . . . . . . ... , ,,, ......... . ,.... ,.. j.

W 1 2j. 2. ... .. ..... . . . . .
Uj.. .. j*,; ,,. , ,j4jJ .. .. .. .. ... . . . . . . .

'I 2222222 if 222lia. iiM H I M i
Inn if2 v22 Z2222 22ll 22 222iI I fl!Hil

.......... ... ..... ....... ... ... . ... 2-2.

'- 1 2 l I;-nnfw -- iii m az;u inIM I M il ii fi IlJM I

~~'fit

2j~ 2222 j22 . ....

.. ..2. . . 1. . . . . . .I.. j.. . m ~ .. % ,. , j . ..... ..

2....................... .................. ..... ..... . .. .

.. ..... .. .. .it .1 .. 2 ~ ...... ..... ... . . tZ.. 1.1. . '..,., . . ..

22......... .. ........ .... .. j. . . .. . .. . ....

0:; UM. 3i!M"2? i.1"I ~ z Zm;2- 11



2222 .22. 2222. 22. tilt:. tt. 222 22222 ..... ... 22222 .. ....

*22 ~ ~ ~ ~ :i: St..: ..2.. 353 553 35.i: ~~~~2..

::';....:...... .:: ~ ln:. . . . . . . . . ..... 2 2 ..... 22. . . .

22.5~~~i .. 2...2...22 . 2
> 2 %.ilt-tl tn 9t- tn .il i . tlo.. ... 2 .. ...g.22 .. . . ---- -- -

. ... 2.. 222. . M t 2S 2

.. 2. ..-.41. 2.... ... 2 . 22... 2.:
2. . .. 2 . ............... . . . .. .... ,,.. . . . . . . . . ..---

I i.I.t.n l.n.t.. . ... i. . . ..n ttt t t ... ... .,jz..........I.. ..
. 222 22222 22222 =22222 .22222 ..2...... ...... ..... .22224 222228 22222.. . ... 222 2.

.... . ... 22 . 22 2.22 2. 2 .2 2 .... --

!-.. 22= 22. 2- 222.. 2 .l..2Vi
-ii 9 in tt ii l.tl'aIIIIIItIIII i- %l nt t . t-o ....................... .. .. .. .. ..0 .....

.... 2... 2 -..... 2..- -. . 5 * 222 0--
C9............ .. 3.... 222. 222 .. ....o..............................,...... .. ...........

-...... ... ...... ...... ..... .................... 0-
........ ............... .... ..... .. . . .

i t tttn t tt 2. . .. , lit.., . ,,.t.9,9.9.9.,.,, ,........,.. ... .4 j.44-..... t... ..

................................2) i::.: 2.z.. ...HS.2.... M . .EM .t4.1 .%9* .. ,n. . . .tt.-,,..~
..................... ...... n.....t......... ..... ... 2ll ....... .. .. ..

--- -3555 --553 .:................................ ..... ..... . . . . . . . . .2

2Y!IM HI. .. 2222 2222. 2..2 *.. .... 5.. 22 2. .... * 2..2.222 .2

......... ............... ...... ..... . ... ..... ... ... ... ... .. ..............o. ... ... 0.....
3 2..:: .- : 2.3S 222.- 32--! .. 2. *;. 22. -Zi2 2 -;= -. ;i. .-- c

I. - t tn tt .. l tl %i .il t-- tt .ttil n -t. it.tn it, tn %l3 -- 2: --- --- 2. .2 .. 2 .. 2 . .222 . .2 2 3

222~~. ... .. 3 5
.............. ........... t,. . ,.. tt. !...... ......... ...... ...... J

..... ... .. ............ ...... ............ ..... ..... ..... .....

. ........ ,.....,......... .., . . . . ...

-~~~~.. ..22 222. ... ~~,2..

1041 9l% 4.. --- -- l



2 ... ... 2.. .. ... ...... .. ... 2... .. .. . .. ..

222: 22222 222222 222 St2 -. s 2222 qqqq 22 2E. .*2 2. 2. -:f *I.~ WEE 1f
2 

t 11tt*11tt- 1 .9-9..lt -9...

2~~~~~~~. ... ... ...... ... f
2 2  2

f ff
21. 22 22I 22.: m1 .2... ... . .. .. .. .. .

t .2 . 2.2 ..2 2 2 2 .. !.- . ..... j . 4 0:99.. o19 1M

--- --------- --- - - - - ------~ 0 .. ... .. ----- -- ----

il0 ~i i -u-- mkmiff u mu al- - - - --111111 -ul ffm

-................ ..............

~ ... .... . . . .

!-£. . Z x .2 2.: E I g- i .f

---- --- - -- ----- -- - -ni- - - -- -. fil-.- - ---- - - -

0---------------------------2 - ------- - - - - --.- ;-isn22-~z:1.- i- n
itt .i % . tt lt tIttt. t- - -i t. . . -t M t t tttt .t

.....-------- n; ts

- jj 22 ;' I22 I22 1 11 --.- 1,.22% - .- m - - , .- t-

-22

----------------------------------------------------

2-------------------------------- %-- - - -- - - - - - - -11

a - - - -- - -- - - . -z,- - - - - - - - - - -.- - - - - - - - - ---

.S.. ...J
.... ~ ~ ~ ~ ~ ~ ~ D 5.. ...o .... ...



it- .8 .8 8 .. .8 .8 . ! l

t 1 i .. .I . t.. .. . .... ... . . . 9 ..

I , . .... .. .. :. ..... ..E .. .... :: .. .I-

.. . .. ... ..

8---------- ......... 0. -- -- -- -- -----.. , 8 8 ----. -.8 o. 8888

.8. .... .....

;., t-. ":. .. .: ... .. . - - .. .. .
i i: l " it nt .. n iil tt1ti ..... - i " t

< 010 S10 11 :: -' 0 0_00*0* . .. .. . ....0......... -j ....
2:g 88 ... 8.. .. .. .. .. 1. -= s - t.-s .. ; :i ; .

.. A . . . . ..0t n i- .- .t i..l n . . t n .;- ,i- t i .i .itn - .tit t i.- .- t -

...o. . . .. . .. .4 0 ... ..... . . ... o. .....
0. I 88 88 ti~tt ttt ~l ii iiili il tt . titnttti

... 88.. ... . .. . .............
.a ...-. O"' - . 0:

8- .. .t . . . . . .
zg< 8 " ~i n.ltTIiiiniil. .. .. 4 4j.j~

.. ... ... ....... ..
............ ... .. .

... . . .t0. . . . . . t. . . . . . .

6Z. 8j. 8~ jz 4j 8 j, ~ ~ ~ j" Z z.Z

L" 8.- t-- t88 ... ... ... 8.. .. ..

.. ... ... 8z. 8.Z 8888g 88j 40 Zz zj 8. . .. .. .

8. ........... ,... ...
8 n * %1 I .... .8j ! i %. . . . . ! i i 1 .1 .1 l n

. . .. . .. . .. . " 8 j j . .. . .. o.. . . ..8 4. 4 j ~ . .. .. .. .. .. .. .. .8.S -;-- Z ....! t : S z .. ... .; .; I ..t .-t . -!
w 9%il9 9,7 inI %ilt .t;.l ".t nnttii - nn -..nt n.i-,i-.-n~%%%" "i-. --.D -tn til 6i



8 I BE!8 R118 ME1 i!! PIf! 0il BII ff!! MEl! HEf! W!I ~IU~ f! ~f 11111 i!fHEMPH! fmm1 PH!! HP!f PH!l fPl

Hsi 8~ Im ~ 8h IS II m PHI WE IS HIH Widf Sm SS!H mm Hill! ff5 f15f11 U
mm!8 Him8 *..... PHff HH m H H EB I EH1 H H EB HS EHIH

1 I HIM1 i1!115l5 H ll PH!l SR BE1! IH HIi ff51 !sH H : ill ii! HE HIMf BE BEM M E!

HBI f51 5 11111 lif! 1511 HIH ! 511f HE 11 HJ f1! 111 51H im ! HE~ 1511 0 IT! 1011 HfE1 ffBE f95I!!

5P! ! PH! W ff11 HH! 5 fliE HP! i! BEI! HIHl ME11 111 HIE PH!iP! PAP PH1 mm!5 PfH! HP! HE1 12H HEW11mi
Hi HI IN 01H4 Iml Im EIlHMI i E n i I S m0H H EE H NH-

1 H m H mM n EB!m m um88 HIM HE21 Pm~ Hm u *1!! 5511 ME W ME 91 31f HIM E IM m

- 1831 8H! IBM. HE~; IB ME222 EB!HI EB!H!H!BP EB EHMM! EHHBBH

1 PH! 8 mm 2H .:1*;H HE.. 1..1 HE WER 2H 1HHiH!!n m I HIM EB H EB

O 8 H E I H EfmB EH I 11 1H 10 8 IBM 8 HE 22 888: 8883 HI 88 HE188 EHE

oH 8B -B BE 8.. BE8 HIM8 BE!8 Mil2 8H8 H822 ... ME. .H HI EIlLE il EM HBBW

la - m BE HI EH-H EHl H I EM HM

8. B8 8188 HE8. HE. ,.88 
8

.Hf 8
Hf HI U

8
!HI! fE ! WE 1f HE~l HE fl H IH ME fl I. 11 RIU ilU IM

01 8888 8888 MH chi 119, .8H 01 Of8:JMi!0 H m EBB E M E2HiiBv

Bp 8188 081 1 H MHP1Hi!Hl I I H ilBI 1HilH1HiH H11 R1HHl u

mH 1181 8881 WH 8888 =8.!0 Em P P H!B!P!MU BH!W PIHM E P

HO8 HEHIH-Hl I 5 !HIHmWM EP!W J E E I I I m i!M R

HI -m ilIfH!W0 m P H EPH H EH EB EIMM I E I

mn Pi 8n BP88;8O1imHmin1mm l Eim1H nHIm mHi B m E

BE W88 MB11 HEW E EWHl H P I EIB I EH EB H m I

Oi HI it 001 HI Ul £S PH HEHl I I I ISH EE!HSM S

pi- 8i mm.8 m.. -u HE822.2.2. 2:28.....28lEm E lHi inm II mmmHil

8 1 'o.1 fl88 8.. 81! H.I B11 10M 1821 BE!8 1888 8888 HI E!. . . . . . . .H R BMN I N MRHi

1 84 1 W Mill hitf OH81 so! Q 11 u 1W AHl m MHMHI5m!HM E B EH.

ifil ~ ~ ~ ~ ~ ~ ~ 5 1111 MWl MU88 8888 Hi88::....WW01.....H il E E BNHi NWHU il0

.6- "-'fBdR HO W0 I 1 888 111 8 I N 1111 88H8 Hilu!R8Hl m I N H

D-7



i FFIu MFMln If11 fill Iu fill u I HtillI I ifmuu u EM ME' IM! IMF1 f'! ff1fII I I M f ll I1 11111 fill I IfIl fill

;if"! MEEfful 111::ff fill! MEff IHf iff111 -.i:: . : 22 2:.... 2.2IMHHH I s 111sf Mil 1 ill ff 1111

MM ; :fIiFI: i III I i1fil hIMF um Im E l" UI FH F i S1 ME fill MEE1 1111 ufl
22.2 .2... ..... .. .:: 2 2 f 2 2 2 .. 2. .f2... .... . .... ... .

. '. 2. t. t2 .22 .:.: : : .: . 2 .... i . 22... .. . ... 222fi filII;-M -- - -- E H;i.I::I.. il 11 11 1 2i l;:

;1 ; 2 a as: 1 2:: .2: ... .. . .. . ..... ..... .... ... 62 -- -2- - - - - -- - - -

E . E2 ff !111 1!!! .3!8
oi a 2 2 . 2 . . .. 22 ... ......~ ..... ..2I

.,2....22.2.J.3 ....222 . . . . .. .. . 2 .. 22... .. 2 a

0 x,:5-;1-.i.. .. ' M itI Ffl

ja .. .. . .... . .

........................... ....... ,. ...............,-- -- -- --
111 fi ..ff 2I22 ;22:: :-2 -:::: ----- --- ---- : 11ff ::i.- 11 f1111

.. .. . .. ... . . .. - -- - .j Z 8a z i , Z 8 a 8 a a J , . . . .. . . . . .

... ........................... ........ .. . . . .Ij~if~ 111111f 11
......... ..... ......... ......... ... ............... ......... j

... .11ff ...ff jff22 .. 4f . .. .a..j ........... ..... ..... 2 .... .. 22...s::~. 5 ..... .222"
.,.,,M E..,,M.,.,,iii,,

. ........ o2..2... ... .- .. ... . . ... ... ... ... ... ... ..... ... ..

.... I ...-.. .. .. ... .................. ..... .... ..... ..... .... 
2 

..... .... .

> 22 ln - ... ... ..n.t. . ..li. . . . .i

..... ..... .. .. ....,,,.... ..... ...,.. . ...... ,,. ,..... ..... . 0...,.,........ ... . . . .

.. ..Z..... ... ....t.............. .. . ........ o............ ................ ..... ..... ......... .... .
2. ... . . .. . ... ..... 2.

... . ...... . . . . . . . . .

. . . . ...................................... ..... o.... ..... ..... 2 22..... ,.2 .

ff0 9 f.. 1.... .......... ~ . ~ . . , ,,. . . . . . ~
. . . .. . .999.. . . l, q 22" 29i n29 221ff 111ff1 11111gl--9991i 919g

e ~....... .

"Iffl! H M il 2l- ;. ..... 22 22S. 2-. . I 2 22~ 2 22ff -IF.-1- 1f

.. ... ...... .. 2222 .. .. 2 1 o2. . .. .:E. -.::I: 11

.......................................................0-..... ..... ..... .... .... .... .... 2U Zia ffjf
I ..... ...2 t 2 .2. :. . . . .i--.i :! f~ !il-fl:ii I ..

---- 2- - 2 ..a j.... 11 ff 11 f
LLI .... ..... .......... .... .... ... ..------........ ... ...... a....

CL a M I-:fl-. ..... ..2 i: 22i. .. . . . 2 iiF i 22

. ....... . -,.,. t~~ .22 .21 .. 22 .. 2. ... 2 2.2 . .

......... ......... .... .. .... ..... .... .

o..g2 :!.E .22 ... I .. ...o-M H.

-4Z ~ ~ ~ ~ ~ ~ D 8 ttojt~o nlt %li .t.t.i. 9i--.ttl ottti tj.' .* .4.'



... . . .. 1... . 2 2 2,- .. R gas -: 2.. E:- .I- I.- -I-.E

.44 444 . .. ... .i - . ..-.. ...
-- ~ ~ ~ ~ ~ .. ----- --- 44..4-.44.4.II . - . iI .. - ,. iI-

.4 4 ...... .... .

:f2 12 22 222222 22:2 41:2 lm (fl 222i 222:2 22 :121 1~ 1211 ull 14!11 1111
I. - ..... 444 ...4 ....4 I44 ....4 44444 444 4444 44444 44444 J44 ..... ...4 4444 444444

22 . . . . . . . . . ..... ...... . . .- - - - - - - -- -jjj A-- J-- - - - -- ~22 2-2 A22 J22 -22 - 22
4444 Ful4l Im 44 Elm 4 mi 44 I44 I44 I44 I44 I44 44444 44444 4444 44444f 4- - - - - --uma tltI fI fII 11111 iifIi

6 .t,. 4 .1.i . I *-- J.2 'J. .2 .2 I.- .J ,- '- ,1 ,II

0g~ .j . . ....... . . . . . . . .

UM-- MU.. 4 V I.;f-i :j i.FEit" M " ..t t t .. t.t.III . . . . . . . - i t. ..... I 11 .. I .1 % .... I . . . . .
.. j I . 1 1 ,.-- -I ..-. .. . . . . . . J. J J . . J . . .. . . . .

.II
... .J .... . ... . .. ..... .. . ..2.. .. .. o.....

0.. ... . -
.......... .... . ...... . .. .. . .. .. .

it . .4. .-.- 4

To ;.--- ----- - ....

- 2222 22222 - - - -- - - - . .... 2=-

. . . .. . . . . . . . ..- - - - - - - - - - - - -44 .4 ...... . ...

2 ....

w ...................................................................................---- --------- JJ J J.......~e .2 4 222

--------- -- - - - -.-.....-..-.-.....-..-..-- - ...- -.-...- - .-.- .
.... ... .. ... ... .. .. ...-..... .... .;z

H-...-.... -I---.- - - - - - - - - - - -. - - - - - - -7 ...-...-..... -.-F - -... ..- F
- - - - -9i~ -- - - - - - --.- - - - --I--.- - - - - - - - - - - - - - --.... .. 68 j 1i1 ...... ...I I z Z O ..... . ..... ... ... . .. .... .. .. .... .. ....D.. ..



55555 ~ .. ....s 555! .... ....! :58 88 88 8: 85 88 :8 ~ .. ....... ... 88II n. 88l 52.. .

if -"55 i55 it55 lik55 if55 555 55 5551W 155 5: 8888 : Hit: F:::a I::,, fIll'i f~S~ 55555 5115 ME UI II

8 tj t M.:: 8:: 8 8 ' ...: . . . . . . . . . . . .... . .

8. . ... .... .8 ... ~ .: . 8:jt

:" :i HE aI ::: i i it f . .; ti .i i~i-il4--:-iIE

£ 1. 1*i. .. I5: 8gZ. :: ,:: :-1 1~8 . . .- . .. . %.........

.... ....... .... ..-.---.-.- -.

... - ----- a.

.85 5 88 55 SS .. ........ .... .......... .............. a a. a. ... ... 8.. .. .... ... . ...
.. .... ..... ... . . . . ...- -. . .... a.

. ... .. ... ..... .~.. . ..... .- - - - -:s. iz . ........ .... . . .
U.'~. .... 8 .8. :

.. . .. .... .. ... .. j8a:ii. .. ..j. .. ..... .z. ij.4

.-i zfzilT -:t~i .:::: -~ Z-

... .. . .t8 t n...M i . . .8... .. t .

~~_- 5 8 .8 .8 -

.... .... ...... ..

... ..... ...4. ................ . . ....... ........... . . .

n-.8.95 .n~

ad 85588 8-HUM t .8 ....8 ...... 1- ..

. : .... ... ..

zz1 8i j J8 8 ...... .. . .. . .o- 4 - -- - - -- - - -- -- - - -. .. .. . . . z Z i 4 jg i .

vi8 ::af; 888..- --. -8 -5:! ---a Em -: :f .: -: .= -
- 2- --4 -- -- ----4 ---4- -2. ..4.. o.4. ..2.4 . ....4...2. ..-.. .. ...-. ... .. ..-...-. ..-....-..-. ..- ...- . .. ..

8 a:. -1-11 - - - - af. -- --- --
444t44. itt4 - - - - - - --- - - - - - - - - - - - - - - - --....-

8~~~. 442 44444 44444 44444 11%-- - - - - - - - - - - - - - -
8'4 8Jj itn . n . aq nni n%

..... ~ ~ ~ ~ ~ ~ ~ D ... 1..0 ..J . .. .. ...... .. .. .. . z. ji4 jJ ~ .... . .. ..



t in I:2 I r it I51 m it Min tfl I22 222 32 i 2 n r ~13
-- - ----- ----- ----- ----- ---. . ..22. . . . . . . . . . - - - - - - - -

'22 : ~ ~ 1 35 ::::iE111£115: :5 2 : ~
n 222 222 - : nt: -. 2 iii! :33: ::.:::-.- .- - .-- % - .. ...... ...: . ..:3 :.5 1*. 1 5315 -: .:355 53: n : 2 22 il . 31 :35 :

-.. .. l. fill: fif .ll iJJJ il!;Ii l. il .. .IIIi-

-j ...d. . .. . . z j a j4 .

S,. . . . . . .~~~....... . . . . ... ii j. .

1 !i 2 'a 2 iu 22fi 1 51 :11- 1:11 : l W f 11 11 * ill 3 13311 HUI : I'*11111315 .n 1:*:
3j 22 J 2 .. 2 £ 2:222:1 J.

--lE11 11 11iii;iiij~~
fi! 3m 2 . i.- m- filu il;fl m lk it:: fill

.. .. .. ... .. ; ..

. ....2 .... .... .... . . . '.if -- - - - - - - - - -

..222.2..22 .... .... ......... .... . --.---. . . . . . . .

.... ............. ..... . ..... ..... tg.. .... ... 2.

.. . 22122 .. ..... .... ..... .... n..... ziZ.. . 2 24 ntti ti -- -M..

Zz ... .... .. HE2 . .. ... .

I4i ~i j jj jjJ. .. j jjJAiiJij i. j. .Z i. jjjj

............... ....... ....... ......... j.....JI.. . j... 2*

ii...... .......... ............... ..... .. o.........-.... .......- - - - - - - - - - - --i 4~j i~8.2: ..... .... . . . . .

ni ....................... ..... .. .. ..

22 --- 2 2

. ....~- ... 2. ... .. . ...

2 :222-----:--- --- ---------------------- ------ - - - - --.........

.. ..... ..... - - - - - - - -... .. .. .. .. .. . .. .. -- - -- - - - - - - - - --z..4 . ... .

o 44 44 .,444 4444 444 4 4 44.2 4444 444 4 4. 444 4442 44 44 424.2 .24-4 ----- 444-----4 4 .---.24

... ..I.. ..
.D- ......1



j !Ei fl 1t 11111 fills 111 I fi 11111 stiff flits 1 11 -1 w'n .tii u flEIL !1114 !-LI l mus! full fil:: ls I 1.3111m fl

M! 11M Wih l Hill 1111 111 fillsf 111ff ELL ifMl!! 111 UM UM MiLff: E:i:: :::i --I! stf f~ill~h fRil fill

~~......................... j.,j........ .. j.. ....
.~1 i .51 . W . 1 tI .. .... ... ... . ... . . a .i .. t L .:: .52 .2: .:: .~

222- ---- ---- ---- -~ -- ..

.j . . .... LjL ~ : .... .... ...... 22 . . . ..J44 .. 2....

.. ... -4 A .lt-.... :.

-.A--!h~ I--- I 111H 212 M 21 222i :i:: ;z: -..-.122 ..... Ihign ILL!! I!!t::

LU - ... .. . . .... 2 . 2 U .....

g -E lIhlIhE j!,J jj z*- !-2 -z-- F.. :! -.- .. f 2l-i
*2M % i l.li.%.i i ~ , 1.- %. i i ntitttli 1..i~
o i J .L : .h .. .. . .. . .. 42i 9 i i .4. . . . . . . . . . . . . . . . . . . . . J 0 - 0 o -: o:

.. ... ... .... ... ... ..... ,. ..... . . . .... .

i-. .c.:L.: .2 ... . .... ..... ..... .... . . .. ........ .... .. ...... . .....
~.. ... .... .... .....!!!S~ .... 22...

0M - z i. ~. i"jz" qqq -99 9 9% 9
ad .. .. L. ....... .LL :2 2-

.. .L.. L.. .... ...f..L.. .. . .. .......

.. -ul "1"l 1111% 11*:1 "1,*1 '00: 00000 ::l -- ---- --- L- - -- - -------- --

!fill fill2 EF UM~f :; -HU ... :~~z: L. .2 ...... 2..... .: ::s n :if;: i..2 L

... ..... ..... .11: zzz4 ji j0 tt i:: .. .. . ..... .... 2.. ...

.. 11.11 1-0.n It.- -l Lit- ltt It t15 t~l -5151i
--- -----11. .. . .gl --- - ... ... .. ij ..... i i . ..o.......... . .. .. ..

* il! fills flt fill iliz- E1111 11111W! 1:.2 i--.! .Ii .... .2

I.. 4II 2221 jliiL lush n1,2 11111 LIII! 99%1 itt i5115 lilt-. ILn %:1 t2: tn i .i zt ti
... ..2. ... ....2 ... -------- i. . .. ............ . .. .

fu lsilln zf .i -2_2 i,- 2z mv. i.; i- ;- - i-,...H2-;. ...

nM tt'.% M t! nhI 1111 111 1111 11 . .111 ,:;:; 111: -.1111%% l' ni tttit tt tt tt% tt -4 i.iM%.-11
.... ..2 .. ........ .. .. ... ... 0 .... . .. . .. i . . .....

22 5 2 ..... -.. .
.. ....... . . . . . ... .. . . . . .2 jj44i 44 .... .4

In~ ~~~~~~~~~~~D f12;:-.:Zo: :9 :" .. 1* :. : j



i M-I*" -*... Z -i-ZH i!W NIP!H Hm!i H B I M BBM!P!MRHRMnH

IBM~~~~~~~~~~~~ Bii8.NI!n I I MIHiMR!HINIMIMIM B E R H Hli .

IBM W 218 IB WH PH HI -N B H I E E N!H I I M I 2 I

IN im NMI-. NM -H il ilipIMMMmnMENIHE imnMEMi m M I

0 B So -H -IIHl MI B U il!H!HSEHMB!INN I IE!IMHmH

w m Hu - . E in nlM MINIH!MS M M E MIBBHNHm M m I

NM NM U B I I B M I H 2 m H N!Hl I HH!MR2- I

o B Hi I8. M!HpHmM o!!l E E!MlH!NIIB B H NEHm11 i

NMoi I i M E 1H!NEM M IM111BBNIIMHMIMNIH!B!M

HI wIIHiRmnHnhl IhnMRIpM M P mnM I i M i N

oW
1 2 I m E I E I NIHMH!i!W 111HIMH22HMHEMRMNHII

1 i H I i INIMN i i I INIMNM R I M i IHmHINl

aoH
I- Z4 ffHtBININIHIHIHMMN!H M N H i M E I I B l!M

Hi §E -8.lH- ~ I 1IjH ilH
Hu0iHiHNWEiM I i U

MI H H I H ilBBml m ISIMHM HMRH!M!P!M!BBM B B I I

im hi MR!8 MI Hi. HuiHimIN MI MI im. lm.E.....inW............MI MHHimHR11

1 MI IR BI8N M B i I B E E M n i! I I R i M M I i!NIH!ml

1 HE!5 Hi I i B I N M21M E EH!IB E I ESEM ! E I I M

1 H RM!H!HBNM I H E I I .. . . . . .. . .82~ 1W............... E BMHI IM 21H

1 5 BE 8M M i B U I EHiH!H!WM! B M E E ilHmM M U E D

1 HE HBBIMIMNIM!NIHi2I11 I H!H!NIM R EmnIMB!Hm!BHl I

in inn5 mil8 in M i IHMHI M N i u MIM B u~lNI M M m 0

HE W E MNHI E M!Hi WNM INHm H E!EB ilIN E!IH I H!BB

HE HI m E I E I MRNIHMNIHMHI MNIHmIIIMIN H i N I M H

1 MIR NM 2,M E H!MRIMNEHE ilNI1III 2 B E M!NIHmHm I U E I

Si IN M 2 i i M i N I E E I mHNHmipNEINM!ESH!mnHMNEM

ME!~~ ~ ~ ~ ME 8N HE HE82 M i R M I B il!iSERE!i i HH mM!M I

BI!1111Hil NE MI1HEME H! HM MIND 123 H H E N!NIH!NIMIMNM I R m



2 ..: 1-.: -.1 .3 : ... 111 2ii .i- 21.1 Is Il :: :: 2.::i2 j1: 2 2

M H~ IEEE" fifil H1IRE HERE3 22222 22222 Hil.l :IS: .... .. 2221 2 .22:.

..2.. .. ..... .....~23 ..33 333 32.22 .2 : t:: fi %. 2 .2.. il ."i. 222 2 222 221 2 : 2.. 33
S-- ----- -----: ---- ---3 ...3 ... 2--- ----- ----- ----- --- ---- --2

E . ... "t t. 3 ill 2~ . 1 I ... .

til .2.. ... ... 228 2 2

ttt, .... ... 99 .o.. ... .... .2...2 A '---

-m in 2 cu Ew2u!Ig uwlumi-. M,"

Z2 ,- 222 2- 2 I I 2o. M I tt ..- i l .... . t ... .. ilR n !w tf

:2 2. .2 . 2. :: . ii .2 : H , .2 . . . . . . . . - - - - -- - - - - - - - . .

.. t. .. ,.. .... ...... fl

-0 2.2 .2.22l i9
.- ...O. . .. . . . . . .

. .. .2 . . .. .2i t t t t - i
... ... .. ....----

o-M itt t i %222 ~ ttn
..........0.. .. .. .........

M1 it-M MIt. tntttiM ttlt ti

2. . ... 2.. ... .. i.. ..... .. .....,, . . .. . . . . . . .

... .... .. ....~22 2 . . . .... J j. . .. ...... .. .. .. .

tz q.. . .. iiE,;2 2.

3 . . .... .2 . . . ... . . . .. 0... . .... .. .. . . . .

2.~ ..,.. 22,..z:. 2 M ... ..

23 -- 22 .. .. .. .................. .. ......

IL

. ..2. ..2 . . . . .. . . .. . . . .. . .

o i2nq 1l tt t liti . t 3 ii t t- t.q " 9.1 ig -9" ." 9 " l..9 nn . . .. .. .. tt

D 14.



p~~~.. .. ..: ....E ... ~~....:: 222222 *

~~~. . . . . . . .... . . . . . ... ... i.-m gi i.-

;222;--- ------ ---- --- -- - - - 2: 22

... .. .

2-- --- . ... ..........2.... ..... ... .. . . . .

1 t; 2.. ... .:2:..*~fh* *!f i . .... .....:t

o .I . . . .. . . . !*! ..... 2.. .. ... 22..2 ... 2......... 2.. ......... ..
.. ... : -. . . .. ... .. .. ..

47.4. j. ..... ..1.... ............... ....... .,..,.,,.....-..,........,............ ..o j.....
. . . . . . . . . . . . . ..--.. . .. .. ..... .....

...............o............... .... .....

2222 2222 :: -.;2 :2:22 ...2 ..: 2.. . . . . .. .. ... , ..i 2!: 222 ?22: 22

... j. . ..... .2222 .g o:: :: : ... .... ..... ..... .... .... ........ i . . .. ..... o.... .2.. ::

........ ..... . .... ttt..-,ii.z ... ,...-t ..- - -ti-%- - - - - - - --tt it tttt- - - -
222...i... . .... o.... .... ... ..... ..... ..... .

2z ...2 ..22 2*2222. . . . .. 2... ':*'

. tZ - .. : .... ;I- it-iz .f
*A I 22 22 I t34:% -i i. tt l i.iI. i i!- " ii iM ittii " ti ... . .. i

>U). .. .. .. ......... .. .. . .. . .......... z j9 84 js

o.. 2.. ... ~ 2232 t%- tti t it itt t
t ..... 22222 2. . i t

& q99* ..... ..... .. i i...... . . ..... ... 2.. -- 2ig "2:219 :222;i 28i

o , ..22 2 ..........2 2 2 2..2 2 2.~. ...... .... , .... ......... . . .

2u j2355 222 ...c .... ... . _n;:

-. -- -. ---. -- - -- - - - . . . . . . . .- 2-- - - - - - - -2.. . . . . .

2 i 22222 .22 .... .... 2 ..Z.....o...... . . . . . . . . .

2tt 22222 22222 . . . .... *2 tt ti .......... .. .. . M -t- . tt t at ~ tt

23 22222 g2i2l i22 . . . 22 .. 22.. . 2i .2 ..... ... 222

-- - -- - .. . . ..... .... .... ..... ,. .... 22222 222 2222 .. .,.. . . . . .. ..... .. . .

1~ 2222. .....

2 ii .1 Z- = z. 1*1.22 2-.2 ; ... ...22 :222 - .. 22 ..-

2 .. 2222 .222 .... .. . .... .. .. .. .. .. .. ........ ..... ..... ..... 222 22222 22222 22222 22222 22 ... .....

2 ~ ~ ~ ~ i ...3 ..... 33 *3133* 33*** . .... ... ..

.. ... 2.2. .. . . .. . . ... ......... ......... ...... ..... ..... ..

C- i-till tit zi- t~tt~- t- ji ' .4 z~ ttttti ~tlitt tttit15iizi



...m..n. : ... .. ..... a.. . ... .. .. .. .. ... .

212 01ff H iff! p PH a I HH!:n~ PH! : anRE H :!i Him 2 2H! : 822E NMI P aH! HH i p!H H ! i P ! M
IB.. aBI: a::: at:: aH:H: 41PH:: EMl HmNIMNHI p i S P!PnHnP

HI MR!: 2882 IBMf imff PH.! PHIg PHIt Bpi HIE as:: 22 ~ NlIMHmPH i i I H i

a E -.II 8I' aN imp W E I i N!N I2 1M ! R B l I I o

BI Bt: :8;: .m M p H ilIMH!0 HE!H B B I i!P!P!INNIH

HI NMI2 NM±8 ENE8 HH5: ME tat:im:IHiNI i B I ~iHPP!P! B 2. I

44IB 4444 - --- NMI NMI --n -M 0-E i M R M I i NIHEHEHmN MNN

HI!! IN B o BM!1!H M !i M i IBHl M BM!BIN1PH! 9 M .

Ia inn IB 0 I 01SIR NI0 i 01M!00MNM!EsINml EInNII.

0 i i i l n i I l H i N Nl1HollnNIPInnNlmnPIn

im H p ilMnU!!HINHM= NIHMPH i m H H H P H B I I I
W ii a -H M N P I R n N ilBBPIP!P!mnP!HmHME ilNlHl B io

0 E H ~ il21HEIMNIHMNIHM!n 0 IO P R B I E I N!HiMI0
1 H E R M I 1 l! I I ON 2 EB!P!H 4 EH EE E i ~

w n H m n M M R I N!MNoIMHMHm1H!nINInHENIIMml M M n
4 H H I I I I B ~ i R N E I p NlNIBBHEIMHIBiHEElHI0

1~~~~~ HUI UP-E I I NlBHH!HINIHmHMHiHpMIM!NIEEBBH!!i i I 2 N

U.: iiHE-IinHmNImnIB m- ilinNIMninMnmnMEBBHEmnini-!NIII

MEa P! . -- = -Hi -R N n M 1M hmHmml M M M I MI IMNHmHPNI11Ml

MU) nu HU -----B-gg M I 5 imBnHEBg!NlHEIIIBI g I n inINEEi
" M i i "j j1

aIat :BPI a:::: Nl u M M1ENW H!!NB! HHMNI1IINIIm i MNNIHmH

EN aa:R: In:a::amn m nlEImi i NIin i E ml am M IIINIaI B

1 M 2 - --NIBBU ml ENIHE I ilHi M E - - -INIHilMNHH22 M I
BI 288822: HI-M I E B I R E I M 21Hm ilNI!iHmN!IMHl ENIB!m.

0I M 2 i i B N E S!!H21B i I E M M B I I i!12 M I
IC HPNl111PIUIUIRNHiM u i N M u i ilHPINipHEUIPIBBBiM

<0 t .n I E M M E M M I 2 H n P!M!PI21 B M B M B B B H

0 E H 2 i i N I E 2 EipWM!P!BiH B EHEBIH R I B
W H ilBgHl B I 12 i p H PHH E E I N!NI22HM!N22!n

W M M I E I 1 N u H ilHm H I M!HmHIH E I B I I o
W-I HIIR M I I I NlNINI!HH m M N ~ ilINNIHm21NINlNI111

PHI HIjN M M ilMNmnINrnMnm!Ne M I I M M H m M M M M m

0 M I M M i 11M!INBl I I E EHmHmMl M l i U n n

Hi EhnNIInSMHSNM P I - m 1 NENI1111111 M n
HI a: lWM!B!H I E 2 R!MNB M R B E M ISNlHm!iHMBl M R

HI -M BI M HEMIBi m EEml MNHm mNIHI M BBNIMI MMM1MIM o E

4i n M M B i u i i nlHiEEINHmINilNIilBBMNIMMIim B n

D- 1



*N B M E R H M HIHl H H 2 I B N PH HH! ! s5! ME PH8 125:5

1~~ ~~2 tit! PERs IB I ,HP!M I H E HHl B R N E I i HBBIMP

HI IBE ni I M PI!RHI i!NIHi E.,HI I H P!IPHm i!il

:22I BMHHHM HBBHI M B :22:: INtN tags aPtn nut *H ass Psss ssss ttn: t::s 5:

a I *I HE2n H R M B HinHpH IIIBBHONIIHM PH!n E I

o M R H I I M E i!HEIMHMBI 11IMM E E H I B n ..
HI ME... I P!IN IMNI H !MHi IMBI HHI .n EIP! I NIHE-i

W I JH HHI4 4444 HIM 4 4444 HE! 4 4..44 HII 4 .244 Hill 4 4444 HIE!4 BE!4 BE44444BMM 1 I NN

(2 H ilHMPPNIB!0!H!i!HmHm11 I!BI il!!HmM!M HM
< N 2 11 I O H I I ilPIMIH! B HM!HH!!B!NIM N 11M

1 INN NMI Him. 5H H B I I i H I i IMHMHl E E E I I H

1 R i HB!H!H!H!1 Him: g01s stat 03:: 225 2. . . .. . , 2,, Him. Him, a s. 02..0.. ......

a NM NM..INBIB ... HIM .............. HM....HM.........HWHIMNMIIB

a1 .U s.: aM IMHmu...U......I.oHi u MIH1 u i n 1M i 1UH

R ...........................................................................................
NMI HIH PH! IBM IBM HIE HIP2 !in 222:2 IBM: Mi2il2!M !B!n M NHHMNIMHIB !HM

o B M B H B P B H I H I i P H M N i B M n n M E E
H.IP - - - - - - -,. BEBB,...............IN IB......NI NIRBI BMHI BgMI H 1 I BB I

NM INN2 III MIN2 inn2 IB HIS 2222 0 I NE IS.SH.HI..I.Hll. 111111 00himHIEinn....

a........................................................2 Em 2NM imminn HI MN MM
SH in HP4. innHI PP HIP4. Nil4 INN4 M44N HIE2, HE4. 444. NEI4 4.2.2 ME4 Him4 44444 4444 HIM4 Him4 4444 444 4NO

ME 2 M H I I i ENIMNHl 1 E Hl I E!i I I E B m N I

1 saja aM t Ms Him a1 MI 22 HNIHMHMI!B!NIW EHIW NINIMIININ NNI

3 20 mil !in2 Mi JIM.,. Hi 01 MEH!53NI55Jm i I 0 MR S H21 !H!HMIMM2

$ I i u NHINNIHMMNININMNMiMNMIEmNIMIMl m I INNHmmnM.

1 I HIHNHI2I5HHW HI I HIMt...lliN N2 NM MEt MINt sass .ttt ttIt 2H 55 tI H I

aPH,........... ME!..I......pi..E.........W.PH....... IB.,In IB.,IM.B.!.......ill...

i 2HP!I"I! M HHIHOMnP!P!B!M H H H I B I I i!!n i M 2-

i M H M E M M i!!n HM H H M I m I 2 E i M N!HMIM!n P

PH PR BMHB NI MINM Mn H HI W PI HH BMHI IM I In in il! HE!H5 NI P

PH E i!B!IMMNHMHHHM!n H H E!H!!n ilHm!n I M B M I N I
a H Hil..H!HMNINI B M IP!P!PI I E i!IMM imNIIMNIIMi!2

PH M444 Him4 NMI4 NM4 I HE!4 BIB4 44444 B4I4 I4n4 M444 W44 MR44 44444 NMI4 HE!4 Him4 44E4 11113 44444 4444 4444 MEN44MR

5 ., NMI,..,.,ming,,,.,,,,..gNM, PH,,.,,,,,mill,,,.',,,IN'.MI.HE.,.,,,,,,,,.NM N,, HI

4MB~ BI NM !I!NININIIPNI!n E5il!n N M B H!i M M I I B

WEHI INO! M NIBE NINM BMWPH in INNM HIM! M Hm I HIHU MINI7I



HE PH H22 NIipH!1 2 2i!!n il!n B i!!i!HIP !P!H !PRIMP

328 2U22 225232 2 . 2 2 Hui 222. 2222 BIB8 22l!i M E I I M B H H !HM

2 I . i..: I 2. 2225 22:E... IB :2lN IN IN IN IM I IM!n i B m HRBI

2 IIN I I E :2: ll ups2 2228 2222 RIB2 o2. . .2 1BE l 2222 fl22: 2128 2222 Im 22 2222 2222 IBM M il nn H

HB M I H N I ilHI B E M I I 1HHMM 2 I E i

El. B M M B n I I IH N!IMNIBNIEB!n i!NI1.

o Mf M I M I I MIM!!!HmHMBBM i !n H!i I P I I
1 M i E ilIMW NIHl N E H,!EHMBBBHBBHMI! i!W MnH

1 L M ;IHl w M mnI! E i E M im i Eim m m I M s

O 11M I ilBBM 2M 2332 3223 0-- - - - 3-----------m----N E!!M NI E!HMHH

2 MR4 B B MIBB0W mM 13H! m 1JHHEElHM!WHHINIH4

O ME HIM3 333P HUI 2iiHMHiNIH1HMNIP!NIHiHiINNHHMHNNIN!

Lu - - - - - - - - - - - - ., - - -

Hi M I E i I i E M B E R H!HmHmHMHmM!M!M!M!MnRBMn11

PH PH! 2 n HIM . . - - - -HIE- - 2222 2222 H . 22 ..H2 -m p p i i M m H B M M p I E

1. Mn 2H 2~ E-H HE2B I m s M m N H H m!IBNIIN!i I M I mln N

1 MM HI BE HMBI i- BBIBH!NM---BB-----------I !i NI E !n Bll!n!IN

n -. . . HNIHHHI I HM!B!HI H m M il!i!Mn!l H m IMB!RHHmI"

13 PH P. . .. . .. . ...- PH !n R I0.E..M.....BO......... NIHI 1H!i!WHBI il MIM! B

D I 2 2 B E B IE!!BBNIW M i!MIBB H!n I M ilHMIM0

% i B NMIHmMR0HmIM HOHEHl . i Nl11HI m 111 I M E M B

C.. 22... I i! i!NIM IH I I I MHMHI p l!IN!i!Hl M I RBHMi lH O0

6 E E M H H11 B HW m I I 111!l H M M I I I I i I M M
q M I i E i m M 2 I m i E E M N m I l!i u E M I R

Em. NM 2222 2222 22222 .PStN R R M M HIM!!n!R mEB M MONI!R I

lilM2,lBgMg N oml n M ipm g m M gIpIpU!BBNININI1R

0M m I ~ i T E 0 B I E i!HMHMHmH B i ! 1 M m I N H
ME, NM ) M B i I M I B B 2 u imHMM!HMHEM!Hl ilHl I B I

<b B INiu I N 1INBiNIiNH1HENI1H u H H I u i I u I p 1i

WoRfB I E B M B WM E 2 M M i msM 2 B EHl H H

I- MI ------- MI--------NNo-----------IM---H!----- i, N!!MHMMMI HO BMim

4 HHi!N I ElHIHmHMNIBBP!M!BIE H HIHEHl ElI! i E M E R

1 I HHM!n I!M I I E!i I H H E PR!n I E B i!NIMNRIHE!n R
0 -------------------------------------------------- ,M RIB -,-.--,-----,,-- Him-,-,. ER,--,,-Em-.-------

1 .......... m............HE.....BI......PH!......M!.-,, MillNM....................HE!.HE!

4H I E M HM!NIHmIM!n H R IMHIM!HiINHMB!HRINB!H!NI!n

......................... 3.----------------.E....MINHm nnM R H1 llIN OE il np IEB.

BIBmil-------- m111 IN EI11,mil-11111HI----1H-im------BI--n BB il - - -Hm-YE

2222 !El HE! NM 5EBB. IN 2il 2E 22 H M E M m NHI! E E IB!!NlIMI!1M

8 i 2222 221B!MIH ME 2M 201 20 122 222MM 2222 E 2 M N B B M R!INMNHp

D- 1



.... .....**~ ..... ..... i222n 223 nn33 n33 .. ... .... .... .... ..... ...33 333 333 311 333 113 133 333 11
22. ------ --22 - 2 ----- - 2--- ----- ------ ------ ;;- . ..... ... 3 ---- 2 - 2- 2 22 --- 33 - :--- ---- 2 2222--2

t t2 ..~. .. . ... I22 2222 . .. . I. . . . .1. .. . . . .

I ~ Iii. ..,,. . .....

-------- -- ------ -- ------2 .- -------

i22 ...2 ... . .. iifi ij jl ii il ii f l f ;i i

33133 ..... ....2 ..... ..... ..... ..... .... ... 2... .... ... 22........ .. . ..... .2. ....

44 j. 2. . .. . . . . .-- - *4 .. . . . . ..I'll,,.. Jjj4 .. n.... .......... ....... . . .

~. . . . . . . . . ... .. .. .. ... ..... ... ..... ..... ..........

1111:~~~~ .1 3 ..... .. . ..... .... .2 2 . .... .. .. 2- -22 2--2 22 222 2 22 2 .. 2 2 22 2 2 *

O- - -- - ----- 22-2 .22.

onn 2t ... 2.... . . . . . ... ... . .....2

.2 ..... .... .. . .... 222 ..... 22222 .22 .0222 .~2 ..22... ..... . . . . . . ....

... ....3 i33 I3 2. t 22 t ..nn %- .% ~ . 2 33 .- i ni i ... . 4

-1. =..21222 217 ;21 2A.1 :3=33

M3 i 23: ... :...... i... ..... . ...... . ...... ..................... ...... ..... ....... . .

> ... ........................... .. .... .... .... ..... .

T

...-...- - ....- - - ..-- I--- ---- . .. .. .--.--.-.-. -- - - - - - - - - --.

D- 19



8g: 8.E 8§- 88-. 8-. 2.3.- 8...8 ..... 8888 -88 8888§§- E

;8-- :-- 2222 288 8 . . ,.............,- 5,,...... .8.88. -22 -885 ,., ,, ... 88. 55 8 88---8--- -----

M88 ... .. . . . . 888 ..

*--------- ------... .... ...... .. .

..............................................2. . .... ... .",n. . . ...

w . 8 .. ... ... .. .. .

.9 8. ....J 1 999 9d ...X ... . .... .. .... . .. ,. . .. . . . .. . . . 99 9. 9 , t t -- 9

~~~~. .888 888 8. 88 8.-o . 8 ... .88 888E

... ... 8228 .~8 . . .. it0 n %" ti t in ii .i i ii t. .. .

.., . . . . . . . . .. . . . .. . .. . . i. .. . .n.. .. . .... . ..,..,
... ......... .. ............. ,,.,.-&8 . .. .......

- 8.8 8. .o "

.... .. 888 .. .8. 8 . ... 9 i.8..88.
... .. .. ... ...... ..... .. ,. .. .. ....... .... -- -j

o-; 8- .---- ;:- _ '- .. - .. ..
%ii in in iOS.1 itiiit i.n t inii .ii ii niii.ii %9n-9i .i tt

b.. ... .. .. .. .. . ..... .. .. .......... ------ .. .. .. .
oz 21= -111a - --

or111ilt'~i iiii i iiiiii .n i".ii ii.i"i ii ni
... . " *" . . .---. .. ...-- -- -- -- ..

...1. ... 0-- - - - - - - - -z .. . . . . . . . -
0. . . .. . . . .. . i % . . .. . .
..4. . . . . . . . . .8.. ..... ... . . . . .. .. . ... . . . . . J .. .. . ... . .

-2,2 . .... .... 8..., .... ..... ..... ...0 ...0 . . --- -= -:-

;,z 2..2. 28.88 ... ... .. 8z28... .. ..

- .o . .... .. . .. . .. . .. . .. . . .. .. .J4 8 44 j j. .. . .. . .. . .. . .. .. Z 0

g...............................,........... ..... ..... .

0 2......

8. . . . .i0-.." ........ . . . . ..... . . ...~ ~ ~
8. .. ... , . ,0,,,.,.00 ....0...... . . . . . . . 0 .00.

8 " ~" " 8 ii jj.8.8 jaiji 444.84 4j4444 .j 44 4 .4 jjj.8 4.1 4 44. 1'* 4.84 .j8444 .4.84i J888.. 4 4. jJ, j8.8 ... . ..

n 9..inn 9%9 ~..qn9111 '.'9911 .... ..... n999 99 q~q999 ni 0nng
< gt- ~~~~-4"20 , .....



~~~~-----------------2 ----- 8:882111122221228:2:11 ----- ;12 ---- 1 ----- -- 21 mm21 m F in,

.... ~~~2........ ..... ...:: ..... %.? .....2. .. . ~: 8

-8 i------.2.. 33* *332 222 233 2:?: 222 222 322? iii(!222 fl22: II222 f:2:2 222 233 2H 122222 22:2:

ili *-*. 88 . - 33 H l
... l i l n. . l. Fl 8...E. . . . . . . . .*,,,A , .

J. .. . ...... .....J ..... ..... ..... ..... ..... ..... ..... ..... ..... 4 J4 4 -- - - -- - - - - - -- -

<Es -g ..4 4444 q! ;5 .- 4i4i4 is ... .. ..FE

422 2222 2228 n2: . 22 2 %nt ti nn tin. n~ n22 I83 n3: n8: n:: I?8 .:: .: ... ....

j4 4 4 jl ..-- : .... .. . .. . ..... .... .... .. . ........ ....3.2 2?.. ... ... ... .. ....?2. . 2.

... ... 8.. ttnnn l%. . l .tt 2.?.? *2 .3 n3 n8883 nn % ~ i.n. ... n i
I ~ ~~ .. ...2 222 222 . . ..... 32222 ..... 22.. .... ..... ..... ..... .. 2: 83. .... 2 23?? ... ... ... .... . . .2 . 2 .

.. . .. .. . . . .. 82.. i . .. ...... ...
n~ .. t. -n--n

I- j ,J ,jJ Ia j~ , JJ . . . . . . . . . . . . . . .. . . . . . . . .

0.

n j 34 j jj .. ii ... jjj J~ ..... ..1 nn t n ttnnn :
.... ...2.. . . . . . . t t t

... ... .....

Ix :2 32. 2 3 22 333 8: 38 ' 38

822 I3 '. n 2 1122 n21 n22 i2222 '.'2n 832 3n 2 n 3: n~n n1

-~~. . . . 28288:88822. 2.. ...::.. :8,,. . . .

"it 7'Z .. . .. .* ---.

........... ....28 . _

.......... .... .. . .. . ............. ..... . ... jjj.... ..........

U - 'n t.. -- i - - d t - .. .
..... ....... ,............... . ...... ..... ..... . . .

* 2j

D- !E 21 i §l .. . . .-:-. ..



F 313 333 FEE-! RIRIE 6§.E§ RIRIE RIRI E 333 3811§ !F33i .-.11 EFFIE 3333£ I313£ fill! 11333 33333 J33l! 13131 Jil3

....2. ... ... 2 3333333333333~ 32
---- --- - -- ------- --- - - -- - -------

22222 12222 2222 HIM 2 22222 -fill 22222 22222 !Eli 22122 22222 JEFF! EFFIE i22:: Jim i Jim3 1 111 1m; fill333 3
M . I232 ......... : ..

z 2.,j .. 2. ..... . ... . .. .. jj J

.. . ... 3 ..... .. .. ..

o .. .... ... ..... ... --.--......

g................. .... .. ..... 2. . ..

2~~~~ I23 n33 .32 .33 t 2 n 22 . 22 .3 n22 n ~ 2 t22 2I.2 I23 3I2 t33 .33 533 .3 I33 I.1 .~ .3 n ..t n
2222 ..... ..... ....: ..... ....: ..... .... ... .... * . 2 22. 2 .22 2..2 ..... 3..2 .... 3 .. 2 :.:: .2 ... ..... . .......... .

~ 3 £3333 33333 22222 2222..22.2.2 . ... . 3: .. 22 22 22 22 22 22222222 . 22 2. .
E .7 ......,,..

.... ... .-u . V::. . . . . . ... 2- - - - - - - - - - -- 2 --- :

n£ i 2. . .... n .. ........ .... . . . . . . . ..

0 K ---9...-9---1,-3--.--.-.....--7;

3 33333 33322 .. . ..... ..22, .2 . 33

484j4 444 .4.-- ..

4-44 44444 .. i - ~ .i iz. i
.. ....33332 .2 .... ...... .3 333 33 333. 2222 2 22 2222

...4 ..... ... - --.... - -.. -. o. . ...

3. . . . . . . . . . . . . . . . .. . . . . . . . - - - - - . . . .. . . ..... . . . . .

-----.-.. --- -- 2-

....2 ..... ... .................... 0... ............ 2 ... .0.2 ..
222 2 - - - - -

tL~~~~~~~~~~~~D 22fl !l I .. .. .. .. ..:;. it



i pin5 ;fill Full5 m5 IE 1511 §11 111 11155115 5511 Frill 51551 55555 1551 III 51 Ifill 11151 first 15515 I 511 155ful Iml

5 5155 Fria5 5553 5555 Im u5 m 11 11 Ifi Frl Frl !Fl Uil IM MH II III fill!: 1!il Hill~ HIRE! fil
.. . .. .t . . . . I. .. . .I . .. .I . .. . .. . .. . .. . .. . . .. .. . . .. .. . . .. .. . . ..s.

- -- - -- - -- ---- -- - -- -

... 'I 535555555 555III. 55.!~~ 1fs 111 ritit Hs,~ 45ill fi5: 5I.i .II Frill 1.5.511 55li" sfs.

III III53555 35555 5551 Fril !Fj 1111 5555 Frill 55555 I5555 Fu55l 155 55 555511155 1111 1!111 11111 fill., 55515 fill

::- 3:;;5:5 5*::ii.s 5 - 3*3: 2-- 555:5 55335 555 5J 4,444 .... ..... ..... .1... ..... ...5. 5.....

... ..... ............... ..... .... .......... ..

i. !i: "ffrtI IffiU 91 a lm . -fi- iif flIffIIIfl!k i fi
- - - -- - - - - J.14i .... ..... ... .:2 :1 i h:;:::J:Z: s..:-- J *

LUi H ;f!iffg i xg q!! MWf" M MH Pi

.. . ..... ..... .... .:: : .i 3 .5 : l ... . . ... .. .. . .... ..... ..... ..... ..... ..... ..... ..... .... .. . ...
LUFtIl!m uim is m u ,Uf .- - - - - - - - I l 52?"" 551i Fill35 FREE 5555155 55:* fu MFM

~~.. .... .....-- - - - - .... . ........... ........
9ofJ;" flSj ;jl5f' ij'Z. ". !i 2 ' 15l" l,;i!f l fl -FFil!'1

o i I- In -1-- - - - - Ml n .4 . .. - - - - - - - - - -5.
> .. . .... .. . .. . . . . . . ....4 J'i1 4 *4 . . . . . . . . . . . .
0 M M M "fi4'- Hii;i ' HHi- i-i'-qii'i i ^f ;i M I FM u

.. . .. . . . . . . . . . .. . . . . . .
0. . .. .. ..... ... .. .. .. j.. .. . ..... .
4F1.5 .. " 5' Jj'fi jl j . fi il .i

LUJ t n.IH I ulM "W5M E
a-.

... ... .. ...... . ..... ....

.. ...... .3 HE:... 1W 121 2221 ;;in1 ;i.j flw 'M -. 143u53 55 5

*s I .. M

-- - ----- ----- J- -*iiJ'.

* 33 .. ................. ............... .... ..

-n - n.~j ia2 ciaJ t~a .a2 i J~ it S Min n n t M j ..... .... ... ~ zJJ~J.4 .J4 J4 2J J
.... .... -.. - ..-.. - -. - -. -- --- - - - - - -,-- --- j- M . -- --;j il tnt...t l.a... .... ... .... ... .... ... .... ..

oJ ...t ... . . - - - - - - - - - - - - - ------EEMftf .... ... i.- - t--- - -. " nn nntn t .il..tn.n n.tn~i n n t1 .. n.. .... n.. .- n- n-n t ..... ttntt t F ... . .1 3i!!. fi 3i .. ;;p-------------------------------o. .......... ... ...... ... ... ...... ... ......... -~

lim un tif airmu mu ul ifn - -i -23i fl il ;; ;i;;iliiiiiiiii tf -- isHs



S

APPENDIX E

-1
WATER VAPOR TRANSMISSIONS AVERAGED OVER 100 cm

-1
WITH ENTRIES EVERY 50 cm FOR FREQUENCIES FROM

1000 cm- 1 TO 10,000 cm AT 300 K, 250 K, AND 200 K

E-1
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The infrared absorption of water vapor has been calculated Newport Beach, California
over a wide range of path length, pressure, and temperature
from 1000 to 10,000 cm"

1
. The results are presented in III P. J. Wyatt

estensive tables which give the transmission over intervals V.R. Stall
of 2.5 cm

" 
at wave numbers below 3400 cm-

1
. Ehe average G. N. Plaas

transmission over intervals of 20, 50, and 100 nm.
1 
is giver

over the complete frequency range. Tbe calculated data
representing tbe intensity, position, and number of spectral
lines in a given frequency interval is tabulated in a form
which is useful for transmission calculations. All line.

Unclassified Abstract UNCLASSIFIED

UNCLASSIFIED

from al! isotopic specien having an intensity greater than
10'

8 
of the strongest line in an absorption region were

included in the calculation. The quasi-random model for the
representation of band spectra is dsnussed in detail. Among
its features are the posibility of representing tbe absorp-
tion by a series of lines which are arranged neither at
random nor in a regula way.
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